Greatest Common Divisors of Polynomials Given by Straight-Line Programs*

Erich Kaltofen e D Rensselaer Polytechnic Institut epartment of Computer Science Troy, New York 12181 and e Mathematical Sciences Research Institut 1000 Centennial Drive 0 Berkeley, California 9472

Abstract . F Algorithms on multivariate polynomials represented by straight-line programs are developed irst it is shown that most algebraic algorithms can be probabilistically applied to data that is given by y r a straight-line computation. Testing such rational numeric data for zero, for instance, is facilitated b andom evaluations modulo random prime numbers. Then auxiliary algorithms are constructed that a determine the coefficients of a multivariate polynomial in a single variable. The first main result is an lgorithm that produces the greatest common divisor of the input polynomials, all in straight-line r a representation. The second result shows how to find a straight-line program for the reduced numerato nd denominator from one for the corresponding rational function. Both the algorithm for that con- l c struction and the greatest common divisor algorithm are in random polynomial-time for the usua oefficient fields and output a straight-line program, which with controllably high probability correctly , t determines the requested answer. The running times are polynomial functions in the binary input size he input degrees as unary numbers, and the logarithm of the inverse of the failure probability. The s t algorithm for straight-line programs for the numerators and denominators of rational functions implie hat every degree bounded rational function can be computed fast in parallel, that is in polynomial size

� and poly-logarithmic depth.

� * This material is based upon work supported by the National Science Foundation under Grant No. DCR-85- , n 04391 and by an IBM Faculty Development Award. This paper appears in the Journal of the ACM, vol. 35 o. 1, pp. 231-264 (January 1988). A preliminary version appears in the Proceedings of the 17th Annual ACM s o Symposium on Theory of Computing, 131-142 (1985). The main results in §8 first appeared in the Proceeding f the 18th Annual Symposium on Theory of Computing, 330-337 (1986). Part of the work on §8 was done while the author was visiting Tektronix Computer Research Laboratory in Beaverton, Oregon.

February 9, 1987

1. Introduction

This study is concerned with complexity questions about performing operations, such as . S greatest common divisor (GCD) computation and factorization, on multivariate polynomials everal models for representing multivariate polynomials have been suggested.

� � The dense representation writing down all coefficients.

The sparse representation writing down all non-zero coefficients and the corresponding � monomial exponent vectors. Formulas, denoted by expressions similar to those from higher programming languages. f � Straight-line programs such as the Gaussian elimination sequence on a determinant o polynomials.

We will perceive these representations from a macroscopic point of view which is that e polynomial time or space differences within each class are not as important to us as are the xponential differences between the classes. We remark, however, that the microscopic point o of view is important to consider for pragmatic reasons, see e.g. Stoutemyer’s [41] comparison f different sparse representations. One easily realizes that the four models form a hierarchy, g that is within a polynomial extent of space we can represent more and more polynomials oing from the dense to the straight-line representation. Therefore, the latter is – from a s e macroscopic point of view – the most powerful one. This is nicely illustrated by the famou xample of symbolic determinants that have exponentially many terms when converted to - p ‘‘sparse’’ representation, but that can be represented by straight-line programs of length pro ortional to at most the cube of the dimension.

The question is, of course, whether polynomials given by straight-line programs, a notion y b which we will make precise, can be manipulated at all. Arithmetic operations triviall ecome additional assignments and the first problem of interest is the GCD. Since for even e m univariate sparse polynomials this operation is NP-hard [35], a restriction necessarily has to b ade. One natural additional parameter to bound polynomially, other than representation size, p is the total degree of the input polynomial. Valiant [45] calls such families of polynomials of olynomially bounded degree and straight-line computation length p-computable. Several n important transformations on p-computable polynomials are already known, Strassen’s elimiation of divisions [43] or the parallelization technique by Valiant et al [46],. for instance. d Another such transformation by Baur and Strassen [3] allows to compute all first partial erivatives with growth in length by only a constant factor and without even the need of a - m degree bound. There are also known negative results in [45] that show, e.g., that general per anents can appear as coefficients of single monomials and as multiple partial derivatives (see t also §5). It should be noticed, however, that all these algorithms are interpreted as program ransformations and not as polynomial manipulation routines. Von zur Gathen [11] obtained a - t probabilistic algorithm that determines the factor degree pattern, i.e. the total degrees and mul iplicities of the factors, of polynomials given by straight-line programs. Schwartz’s [37] ] evaluation technique at random points and modulo large random pseudo-primes (see also [18

February 9, 1987 g p and §3) plays an important role in that and our new results. In the context of representin olynomials by straight-line programs Heintz’s result [15] also deserves to be mentioned. h t The theory for polynomial manipulation on straight-line representation should deal wit he computations of straight-line results whenever possible, e.g. produce a straight-line pro- q gram for the GCD of two determinants of polynomial matrices. In Valiant’s language it is the uestion of closure properties of p-computable families of polynomials. It is this theory we o begin to develop here. In this paper we will show how a straight-line program for the GCD f many polynomials can be constructed in random polynomial-time from their straight-line f t representations as well as a bound for their total degrees (§6). This probabilistic result is o he Monte-Carlo kind, which means that the algorithm always takes polynomial-time but may - t with controllably small probability return an incorrect answer. Our algorithm is polynomial ime even for coefficient domains such as the rational numbers. This is insofar surprising e e because the coefficients of the input polynomials can be exponentially large. In general th xponential size growth of the intermediately calculated rational numbers during most algorithms such as Strassen’s elimination of divisions causes additional complications.

For various reasons we chose to carefully develop the theory of straight-line program g t manipulation here (§2 – §5) before discussing the concrete applications. For one, the runnin ime of our algorithms must be estimated. One can consider polynomial-time complexity h r bounds as our uniformity requirement for the straight-line program transformations. No suc equirement is needed or enforced in the lower bound applications of the elimination of divi- - t sions transformation or the computation of derivatives. We will use as our model of compu ation that of a probabilistic algebraic random access machine (RAM) whose instruction set p and binary complexity measures we will define (§2). Since we strive to obtain random olynomial-time complexity, the execution of arithmetic operations will cost as many time - t units as are needed to perform these operations in binary. Under this ‘‘logarithmic cost cri erion’’ the needed straight-line program transformations are established to be of polynomial- t time complexity by the use of what we call the simulation principle. This principle shows hat the usual RAM programs can be converted into RAMs of polynomially related binary - p asymptotic complexity which generate the straight-line programs corresponding to these com utations (§4).

The GCD problem for dense multivariate polynomials was first made feasible by work of G Collins [8] and Brown [5]. Moses and Yun [34] showed how to apply the Hensel lemma to CD computations. Zippel [47] invented an important technique to preserve sparsity of the t Z multivariate GCD during Brown’s interpolation scheme, though it should be noted tha ippel’s approach is not random polynomial-time. The reason is that the content and primi- p tive part of the inputs can not be separated because some sparse polynomials have dense rimitive parts, cf [13],. §5. We also mention the heuristic GCD algorithm in [7] which may be practically a faster algorithm if the inputs have few variables.

February 9, 1987 - t Our algorithm for computing the GCD as a straight-line program needs several innova ions. For one, we remove the need of the content computation by substituting linear forms of m the main variable into minor variables. These substitutions lead with high probability to onic polynomials in the main variable and thus allow a single Euclidean sequence over the v field of rational functions in the minor variables. We compute the coefficients in the main ariable by determining these coefficients (now rational functions in the minor variables) for r s each assignment in the straight-line program. Finally we encode a polynomial remainde equence computation on the coefficient vectors by determining the degrees of the remainders - a through probabilistic evaluation of their coefficients. The GCD problem for many polynomi ls is reduced to that of two polynomials via a theorem stating that two random linear combinations of the set of input polynomials yield with high probability the same GCD.

We now turn to the computation of numerator and denominator of rational functions. d Strassen [43] raised the question whether the reduced numerators and therefore also the enominators of rational functions could be computed by straight-line programs of length e d polynomial in the length of straight-line programs for the functions themselves and th egrees of the relatively prime numerator-denominator pairs. Here we answer this question p affirmatively by showing that such straight-line programs can be also found in random olynomial-time (§8). The construction is closely related to the straight-line GCD algorithm r s put together with computing Padé approximants via the extended Euclidean algorithm. Ou olution will require an algorithm for finding a straight-line program for the Taylor series w coefficients to a given order of the rational functions with respect to a single variable. In §7 e present a solution to this problem following the approach by Strassen [43], and it comes s f as no surprise that we obtain the result on eliminating divisions from straight-line program or polynomials as a consequence (theorem 7.1).

The resolution of the numerator and denominator complexity of rational functions has an e t important consequence in the theory of poly-logarithmic parallel computations. First we not hat Hyafil [17] and Valiant et al [46]. established that families of p-computable polynomials a can be evaluated in parallel in polynomial size and poly-logarithmic depth. We now can pply this result to the straight-line programs for the numerators and denominators of rational l c functions and therefore can conclude that every family of rational functions of polynomia omplexity and reduced numerator-denominator degrees can also be computed in parallel in

N poly-logarithmic time with polynomially many processing elements (corollary 8.3).

otation: By Z we denote the integers, by Q the rationals, and by F the finite field with q q ) t elements. By QF(D) we denote the field of quotients of an integral domain D, by num(a he numerator and by den(a ) the denominator of a ∈ QF(D). The coefficient of the highest , power of x in f ∈ (D[x ,..., x ])[x ] is referred to as the leading coefficient of f in x

1 2 n 1 1

x_1 .

ldcf (f )

February 9, 1987 ] o By M(d) we denote a function dominating the time for multiplying polynomials in D[x f maximum degree d. Notice that M(d) depends on the multiplication algorithm used and the best known asymptotic result is d logd loglogd [39].

The cardinality of a set R is denoted by card(R). All logarithms in this paper are to base 2 unless otherwise indicated.

February 9, 1987

2. Straight-Line Programs and Algebraic RAMs

We first present the precise definition of what we understand by (algebraic) straight-line

D programs.

efinition: Let D be an integral domain. Then P = (X, V, C, S) is an algebraic straight-

( line program over D if

SLP1) X = {x ,..., x } ⊂ D, S = {s ,..., s } ⊂ D, V = {v ,..., v }, V ∩ D = ∅. X is c 1 n 1 k 1 l

alled the set of inputs, V the set of (program) variables, S the set of scalars. If S

( = ∅ then P is called scalar-free.

SLP2) C = (v ← v v ) with ∈ {+, −, ×, ÷}, v , v ∈ S ∪ X ∪ {v ,..., λ λ ′ λ λ ′′ λ=1, ...,l λ λ ′ λ ′′ 1 � � λ−1v } for all λ = 1 ,..., l. C is called the computation sequence and l the length of P , l = len(P ). If all ≠ ÷ then P is called division-free. �λ λ λ t (SLP3) For all λ = 1 ,..., l there exists sem(v ) ∈ D, the semantics of v , such tha

sem(a ) = a if a ∈ S ∪ X, , sem(v ) = sem(v ) ± sem(v ) if = ± λ λ ′ λ ′′ λ � � λ s_{λ λ}^′_λ^{′′} em(v ) = sem(v ) sem(v ) if = ×, . sem(v ) ≠ 0 and sem(v ) sem(v ) = sem(v ) if = ÷ λ ′′ λ λ ′′ λ ′ λ� � l λ 1∪λ=^. W The set of elements computed by P is sem(P ) = {sem(v )}

e observe that the integrality of D guarantees the uniqueness of sem(v ). If D is a λ ′′ λ λ � n s field then the last case in axiom (SLP3) simplifies to sem(v ) ≠ 0 if = ÷ since the em(v ) can be determined as sem(v )(sem(v )) . Our definition is more general than λ λ ′ λ ′′ −1 λ ′′ λ� r g Strassen’s [42] who always insists on the invertibility of sem(v ) in case = ÷. That ou eneralization is useful can be seen from the straight-line programs computing determinants and subresultants over D by exact division.

Our main application will be for programs P = ({x ,..., x }, V, C, S) over D = F (x_1 1 n n ,_{n 1}

..., x ) where S ⊂ F , F a field, and which determine certain polynomials f ∈ F [x ,..., x ] t with f ∈ sem(P ). In such a case we say f is given by the straight-line program P . Notice hat we will use the notation f ∈ sem(P ) with the implied understanding that we also know . the v ∈ V with f = sem(v ). However, sometimes our more general formulation is needed λ λ One example would be to find the shortest straight-line program that computes the Newton r polynomials x , i = 2 ,..., n, from the symmetric functions in the indeterminates. Fo

Σν=1^n ν^i_{1 n s} a lower bound considerations one usually adds the condition in (SLP1) that {x ,..., x } i lgebraically independent over the field generated by S. For polynomials given by straight- a line programs this restriction is satisfied, but for ease in the formulation of later definitions nd theorems we shall not adopt it in our main definition.

A February 9, 1987

lgebraic computations over abstract domains D are usually formulated in terms of pro- m grams to be executed on an algebraic RAM over D. Let us more precisely describe this odel of computation. An algebraic RAMover D has a CPU which is controlled by a finite ( sequence of labelled instructions and which has access to an infinite address and data memory see fig. 1). � � 3 � 2− 1 � √� � Input Medium Address Data y � ↓ Memory Memor

� � � CPU 1: READADDR 2 → 1 5 1 ? � � 2: READ –2 2 3 2 ? � � 3: CONSTADDR 1, 2 3 ? 3 2− 1√� � � � ? 4: ADDADDR 1, 2 4 ? 4 � � 5: CONST –1, 2 5 ? → 5 2+ 2

√� √� � � � ? 6: DIV 5, –2 6 ? 6 � � 8 7: PRINT –1 : HALT �

� � � � � � � � � � � � � � � � � � � � � � � � � �

� � � � � � � � � � � � �

� � � � � � � � � � � � �

� � � � � � � � � � � � �

� � � � � � � � � � � � �

� ↓ � �2+ 2 �EOT � √� � Output Medium

Fig. 1: Algebraic RAM over Z[ 2].√� s w The split into two memories, one that facilitates pointer manipulation for array processing a ell as maintaining a stack for recursive procedures, and another memory in which the alge- s braic arithmetic is carried out, is also reflected in other models for algebraic computations uch as the parallel arithmetic networks in [12] or by the omnipresence of the built-in type h Integer for indexing in the Scratchpad II language [20]. Each word in address memory can old an integral address and each word in data memory can store an element in D. The CPU e o also has access to an input and an output medium. The instructions in the CPU may have on r two operands which typically are integers. The operands refer to words in address or data t a memory depending whether the instruction is an address or a data instruction. Indirec ddressing is indicated by a negative operand. For completeness the micro-code for a full instruction set is given in fig. 2.

The arithmetic time and space complexity of an algebraic RAM for a given input are , r defined as the number of instructions executed and the highest memory address referenced espectively. It is not always realistic to charge for each arithmetic operation in D one time a c unit. We will consider encoding data in binary and define as size(a ), a ∈ D, where D is oncrete domain such as Z or F , the number of bits needed to represent a . Then the cost q

February 9, 1987 � � Instruction Description � � ADD{ADDR} i, j Op ← Op + Op (see below). i i i j

i j . M SUB{ADDR} i, j Op ← Op – Op

ULT{ADDR} i, j Op ← Op × Op . i i i j

i j . D DIVADDR i, j Op ← �Op /Op �

IV i, j Op ← Op /Op . The division over D must be exact, oth- e i i j

rwise an interrupt occurs. CONST{ADDR} i,c Op ← c._i i j MOVE{ADDR} i, j Op ← Op . JMP l Execution continues at program label l. JMPZ{ADDR} i,l If Op = 0 then execution continues at program label l. J i MPGZADDR i,l If Op > 0 then execution continues at program label l. R i EAD{ADDR} i The input medium is advanced and the next item is read into Op ._i PRINT{ADDR} i The output medium is advanced and Op is written onto H the medium. i ALT An EOT marker is written onto the output tape and execu- � tion terminates. � � � � � � � � � � � � � � � � � � � � � � � � � �

� � � � � � � � � � � � � � � � � � � � � � � � �

� � � � � � � � � � � � � � � � � � � � � � � � �

D AM[i] address M[i] if i > 0 and data instruction O AM[AM[−i ]] address p = DM[AM[−i ]] if i < 0 and data instruction i AM = address memory, DM = data memory . � AM[−i ] must be positive, otherwise an interrupt occurs �

a Fig. 2: Summary of algebraic RAM instructions

nd space of an arithmetic instruction depends on the size of its operands. The binary time c s and space complexity of an algebraic RAM over D is derived by charging for each arithmeti tep in D as many units as are needed to carry out the computation on a multitape Turing n p machine. Notice that we generally assume that the domain arithmetic can be carried out i olynomial binary complexity with respect to the size of the operands. What that implies in r particular is that elements in F , say, always require O(log(q)) representation size, whether o q not they are residues of small integral value. For READ, PRINT, CONST, MOVE, or JMPZ instructions we charge as many units as is the size of the transferred or tested element.

We also apply this ‘‘logarithmic cost criterion’’ to the address computations and assume s a that every address is represented as a binary integer. The binary cost for performing addres rithmetic is again the Turing machine cost. For indirect addressing we add the size of the t final address to the binary time and space cost of the corresponding instruction. We note tha

February 9, 1987 d b in most circumstances the binary cost for performing address arithmetic is largely dominate y the binary cost of the algebraic operations and that for all practical purposes the largest , a storage location is of constant size. But our more precise measure has its advantages. First ll binary polynomial-time algorithms on algebraic RAMs are also polynomial-time in the e a Turing machine model. Second, the true binary complexity is measured if we can use th ddress memory for more than address computations, e.g. for hashing with sophisticated signatures. Another such example is that of selecting random domain elements.

A probabilistic algebraic RAM is endowed with the additional instruction

w RANDOM{ADDR} i, j

ith the following meaning. Into Op an element ∈ D (or address) is stored that was uni- f i ormly and randomly polled from a set R of elements (or integers) with card(R) equal to the address operand Op (see fig. 2 for the definition of Op). The selection of R is unknown j j - b except all its elements a ∈ R have size(a ) = O(log Op ). This model of randomized alge raic computation overcomes the problem of how to actually generate a ‘‘random’’ rational f number, say, and, as we will show later, the failure probabilities can in our circumstances be ully analyzed.

Most of our algorithms will read as input, produce as intermediate results, and print as u output straight-line programs. Here we will not describe a concrete data structure that can be sed to represent straight-line programs on an algebraic RAM. It is fairly easy to conceive of d suitable ones, e.g. labeled directed acyclic graphs (DAG) could be used. A more intricate ata structure was used for the first implementation of our algorithms and is described in [10].

At this point it is convenient to define the element size of a straight-line program as el-size(P ) = * size(v*).

v_λ* ∈ X ∪ S, ∈ {′,′′} λ Notice that the actual size of P is in bits Σ O(len(P ) loglen(P ) + el-size(P )), . since it takes size(v ) = O(log(λ)) bits to represent v in address memory λ λ

7 3. Evaluation and Size Growth

February 9, 198

Classically, the inputs to a straight-line program are indeterminates which during execu- - t tion of the program are evaluated at concrete values. Two problems arising with the evalua ion process need to be discussed. The first is that evaluation may lead to a division by zero - t which we must declare illegal. The second problem is that the binary complexity of evalua ion can turn out to be exponential in the length of the program. In this section, we address

D both problems. Let us formally define evaluation.

efinition: Let P = (X, V, C, S) be a straight-line program of length l over D, D� be = another integral domain and ϕ(a ) = a� be a mapping from X ∪ S into D�. We extend ϕ to V� {v� ,..., v� }, V� ∩ D� = ∅, by setting ϕ(v ) = v� , 1 ≤ λ ≤ l, and define

1 l λ λ λ λ ′ λ λ ′′ λ=1, ...,l � . W X� = {ϕ(x ) �x∈X }, S� = {ϕ(s ) �s∈S }, C� = (v� ← ϕ(v ) ϕ(v ))

e call P defined at ϕ if ϕ(P ) = (X�, V�, C�, S�) is a straight- line program over D�. � ) m It is clear that only condition (SLP3) of the straight-line program definition for ϕ(P ust be verified. If ϕ can be extended to a ring homomorphism from D into D�, it suffices to t require ϕ(sem(v )) ≠ 0 for = ÷, 1 ≤ λ ≤ l, because then exact division is guaranteed. Bu λ ′′ λ m � ore general evaluations do occur such as in the following example: , Example: Let D = Q(x), D� = GF(2), ϕ(x ) = ϕ(1/3) = 1, ϕ(2) = 0 and P = ({x}, {v , v }_{1 2} (_{1 2 1 1} v ← x+1/3, v ← 2÷v ), {2, 1/3}). P is not defined at ϕ since sem(v ) ≡ 0 mod 2. Notice also that ϕ cannot be extended to a ring homomorphism from Q(x) into GF(2).

It is easy to see that given the encoding of a straight-line program P = (X, V, C, S) over D we can compute sem(v ) in O(l) steps on an algebraic RAM over D. If we assume l that D� is a field or that ϕ is a ring homomorphism, we can also decide in O(l) steps on an l w algebraic RAM over D� whether the encoding of ϕ(P ) represents a straight-line program. Al e need to do is test whether sem(ϕ(v )) ≠ 0, = ÷, before performing the division. Con- λ ′′ λ� e r trolling the binary complexity of evaluation is, however, a much more difficult matter. Th eason is that the straight-line programs may generate exponentially sized elements.

Example: Let P = ({x}, V, C, ∅) over Q(x) where

C = (v ← x×x, v ← x×v , 3 1 2 1

1 1 4 2 3, v v ← v ×v , v ← v ×v

← v ×v , v ← v ×v ,

v . . 5 3 3 6 4 5

← v ×v , v ← v ×v , 2 2l−1 2l−3 2l−3 2l 2l−2 2l−1

l+1 2l−1 2l−1 2l+2 2l+1 2l . W v ← v ×v , v ← v ÷v )

e remark that sem(v ) = x , sem(v ) = x , 1 ≤ λ ≤ l, sem(v ) = x , sem(v ) 2λ−1 2 2λ 2 −1 2l+1 2 2l+2 λ λ+1 l+1

= February 9, 1987

x. The test whether P is defined at ϕ(x ) = 2 would require on an arithmetic RAM over Q n s exponential binary running time. Notice also that the last element computed by P is agai mall in size.

In what follows we combat the size blow-up by a modular technique, an idea first sug- - b gested in Schwartz [37] and Ibarra and Moran [18]. A generalization of what follows to alge raic extensions of Q can be found in [11]. For completeness we shall give the proof of the

L next lemma.

emma 3.1: Let P = ({x ,..., x }, V, C, {s ,..., s }) be a straight-line program of length 1 1 n 1 m n ν ν ν μ μ μ . A l over Q(x ,..., x ), a ∈ Q, ϕ(x ) = a , 1 ≤ ν ≤ n, b ∈ Q, ϕ(s ) = b , 1 ≤ μ ≤ m ssume that P is defined at ϕ, and that n+m ≤ 2l, which is satisfied if all inputs and scalars actually occur in the computation sequence. Let B ≥ 2 be an integer bound such that ϕ ϕ �_{ν ν μ μ} num(a )�, �den(a )�, �num(b )�, �den(b )� ≤ B , 1≤ ν≤ n, 1≤ μ≤ m. e Then there exists an integer N ≤ B such that for all prime integers p that do not divid

ϕ(P ) ϕ

2^{l+3}

N_{ϕ(P )} the following is true:

i) den(a ), den(b ) ≡� 0 mod p for all 1 ≤ ν ≤ n, 1 ≤ μ≤ m. ν μ ν μ p ν ν μ μ ≤ ii) If we define ψ: {x } ∪ {s } → F by ψ(x ) ≡ a mod p, ψ(s ) = b mod p, 1 ≤ ν n, 1 ≤ μ≤ m, then P is defined at ψ. e Proof: Let ϕ(P ) = ({a }, {v� }, C�, {b }). We must estimat ν λ μ λ λ λ λ . u = num(sem(v� )), t = den(sem(v� )), 1 ≤ λ ≤ l t By induction, we can prove tha

�u �, �t � ≤ 2 (2B ) � < B , 1 ≤ λ ≤ l. (†) λ λ ϕ 2 ϕ 2 λ λ+1

λ �λ ′ λ λ ′′ s Consider v� ← ϕ(v ) ϕ(v ). By induction hypothesi

�u * �, �t * � ≤ 2 (2B ) �, u * =num(ϕ(v *)), t * =den(ϕ(v *)), * =′,′′. λ λ ϕ 2 λ λ λ λ λ−1

I �_λ n case = + we thus get

�u �≤ �u t + u t �≤ �u � �t �+�u � �t �<2 4 (2B ) �. λ λ ′ λ ′′ λ ′′ λ ′ λ ′ λ ′′ λ ′′ λ ′ ϕ 2 +2 λ−1 λ−1

λ �λ The treatment of t , and the cases = −, × and ÷ are similar. Thus (†) is established.

Now we observe that

M = �den(a )� �den(b )� ≤ B . ϕ 1≤ν≤n ν 1≤μ≤m μ ϕ 2l Π Π We set

February 9, 1987

. N = M �t � < B B < B Π ϕ(P ) ϕ λ=1 l λ ϕ 2l ϕ 2 ϕ 2^3 l+2 l+ � ϕ(P ) .

Clearly, if a prime p does not divide N , i) and ii) are satisfied

Although our bound for N in the above lemma is of exponential size, we can pick a

ϕ(P ) t suitable prime probabilistically quite efficiently. Le k = 2 log(B ) ≥ 4 log(N ) 1 l+5 ϕ ϕ(P ) k and consider the first k primes p ,..., p . Since for each subset K of {1 ,..., k} of cardinality ≥ k/4, p > 2 ≥ 2 = N ,

κΠ^{ϕ(P )} ∈K κ k/4 log(N ) ϕ(P )

) 1 k ϕ(P w

we conclude that fewer than k/4 of the primes p ,..., p can be divisors of N . No p < k(log k +log log k) < k logk, k ≥ 6, ( k e e e

c.f. Rosser-Schoenfeld [36], (3.13)). Therefore, if we randomly pick a prime p, ) p < k logk < C = (l+5+loglog(B )) 2 log(B ), (†

ϕ(P ) ϕ l+5 ϕ g a with probability > 3/4 this prime will certify that P is defined at ϕ. We have the followin lgorithm. Algorithm Zero-Division Test Input:

� A straight-line program P = ({x ,...,x }, V, C, {s ,...,s }) of length l over Q_{1 n ν μ}

1 n 1 m

(x ,...,x ), a , b ∈ Q, 1 ≤ ν ≤ n, 1 ≤ μ≤ m, and a failure probability ε << 1. r � An integer p such that P is defined at ψ(x ) = a mod p, ψ(s ) = b mod p, o : Output_{ν ν μ μ}

S ‘‘failure’’. In case P is defined at ϕ failure occurs with probability < ε. tep L (Loop on trials): Repeat step P and E �log1/ε�times. Then return ‘‘failure’’. . Step P (Pick a prime): Let B be as defined in lemma 3.1 and set C according to (†)

ϕ ϕ(P )

ϕ(P ) O

FOR i ← 1 ,..., j = �21/10 logC �D

Select a random positive integer p < C . Perform a probabilistic primality test on p, e ϕ(P )

.g. Solovay’s and Strassen’s [40], such that either p is certified composite or p is prob-

A ably prime with chance ≥ 1 – 1/(8j). In the latter case goto step E.

t this point no prime was found, so go back to step L. r Step E (Evaluation): Evaluate ψ(P ) on an algebraic RAM over F . If a division by zero o p a zero-divisor occurs, go back to step L. Otherwise return p. �

We note that the bound C is only of theoretical interest. In practice already word- s ϕ(P )

ized primes are likely to certify that P is defined at ϕ. Clearly, the Zero-Division Test a February 9, 1987

lgorithm runs in binary polynomial-time and requires polynomially many random bit choices. r We will not state explicit polynomial upper bounds for this or any of the subsequent algoithms, although the original version of this paper [21] contained several of them. Instead we b now refer to [10] for the actual performance of our algorithms, which would not be captured y those crude upper bounds. However, the theoretical failure probability of the Zero-

T Division Test algorithm shall be analyzed in the following theorem.

heorem 3.1: Algorithm Zero-Division Test requires (l log(B ) log(1/ε)) binary steps on ϕ O(1) - b a probabilistic algebraic RAM over Z. In case P is defined at ϕ it returns ‘‘failure’’ with pro ability < ε.

Proof: There are three circumstances under which step P and E do not find the prime p even if P is defined at ϕ. First, a prime may never be picked in step P. There are

π(C ) > 10 �7� log (C )

� C�, C ≥ 17,

ϕ(P ) ϕ(P ) ) ϕ ϕ(P ) ϕ(P (P )

primes < C , cf [36],. (3.5). Thus the probability that we select a composite p in all iterations of step P is no more than � � � 1 − 10/7 logC � 1 � � � � < e 1� < 8 1�. � logC 3 7 0 ϕ(P ) 3. 1^{ϕ(P )}

y n Second, the chance that all composite p selected in step P are recognized as such is certainl ot less than (1−1/(8 j)) > 7/8, because (1− 1/8) < 1 – 1/(8j). Thus we pass a composite p j 1/j

on to step E with chance ≤ 1/8. Third, by the previous discussion we have selected a prime with p �N with chance ≤ 1/4. Therefore, the total probability of things going wrong is <

ϕ(P )

1/4 + 1/8 + 1/8 = 1/2. Now, step P and E are repeated at least log 1/ε times, therefore the probability of failing at all these trials is < (1/2) = ε.^{log1/ε} � n s We can use the algorithm Zero-Division Test to determine whether an element i em(ϕ(P )) is zero. Let us briefly write down the algorithm.

I Algorithm Zero Test

nput:

� As in algorithm Zero-Division Test. Furthermore, an index λ, 1 ≤ λ ≤ l. s � Denote by e = sem(ϕ(v )). We return either ‘‘e is definitely ≠ zero’’ or ‘‘e i : Output_{λ λ λ λ} λ . S probably 0’’. The latter happens if P is defined at ϕ and e ≠ 0 with probability < ε

tep Z (Zero-Test): Run algorithm Zero-Division Test on P′ = ({x ,..., x }, V ∪ {v }, C

1 n l+1 λ c_{l+1 λ} oncatenated with (v ← 1÷v ), S) and ϕ. If no failure occurs return ‘‘e is definitely ≠ 0’’, otherwise return ‘‘e is probably 0’’. λ � λ = s Another application of the algorithm Zero-Division Test is to, in fact, compute e em(ϕ(v )), 1 ≤ λ ≤ l. Since e can be of exponential size in l, polynomial-time complexity λ λ

February 9, 1987 n can only be expected if we know an a-priori bound B ≥ �num(e )�, �den(e )�. We agai λ λ λ

A shall explicitly present the algorithm.

lgorithm Evaluation

Input:

� As in algorithm Zero-Division Test. Furthermore an index λ, 1 ≤ λ ≤ l, and a bound B ._λ λ = � Either ‘‘failure’’ (that with probability < ε in case P is defined at ϕ) or e : s Output em(ϕ(v )) provided that λ λ λ λ . S �num(e )�, �den(e )� ≤ B

tep T (Zero-Division Test): Call algorithm Zero-Division Test. If it fails, return ‘‘failure’’. - D Step M (Modular Image Evaluation): Let p be the integer returned by the call to the Zero ivision Test algorithm. Compute e� ≡ sem(ϕ(v )) mod p where p ≥ 2B , 0 ≤ e� < p . T λ λ k k λ 2 λ k his is possible because p must be relatively prime to all denominators computed. , Step C (Continued Fraction Recovery): Find the continued fraction approximation to e� /p_λ^k i+1 i λ i+1 λ 1 �u t_1 1 i i i+ � ,..., t �u�, t �u�, t < B , t ≥ B .

Return e = (e� t − p u )/t . λ λ i k i i � λ ϕ O(1) e c For B = max(B , B ) the algorithm takes (l log(B) log(1/ε)) binary steps. Th orrectness of step C follows from the theory of continued fractions [14], Chapter X. The - idea of working modulo p is sometimes referred to as Hensel-code arithmetic [29]. If indi k λ λ vidual bounds for �num(e )� and �den(e )� are known, as they often are, then the approach is subject to improvement, cf [26],. Theorem 4.1.

February 9, 1987

4. Probabilistic Simulation

We now turn to our uniformity considerations, that is the complexity of performing the e i needed straight-line program manipulations on algebraic RAMs. We shall demonstrate th ssue on an example. Let

f (x) = y x +...+ y , g(x) = x + z x +...+ z , n > m, n n n 0 m m−1 m−1 0 0 m−1 0

and let D = E[y ,..., y , z ,..., z ] where E is an abstract integral domain of characteristic ≠ 2. We want to design an algebraic RAM over D which on input n, m, y ,..., y , z_{0 n 0} ,_{m−1}

..., z outputs (the encoding of) a straight-line program ) P = ({y � ν=0,..., n} ∪ {z � μ=0,..., m−1}, V, C, {2} ν μ s_κ uch that c ∈ sem(P ), 0 ≤ κ ≤ n−m , for the polynomial quotient of f (x) and g(x),

q(x) = c x +...+c ∈ D[x], deg(f (x)− q(x)g(x))<m, n−m n−m 0 and len(P ) = O(n logm log(logm)). The existence of such a program follows from several q sophisticated results on polynomial multiplication [39] and power series inversion [30]. Our uestion is what is the binary complexity of the algorithm that generates such a straight-line program.

Fortunately, the answer is not difficult. An algebraic RAM over D that actually computes the c by the asymptotically fast polynomial division algorithm performs only arithmetic κ on elements in D and tests only addresses. The problem is that such an algebraic RAM has - a high binary complexity due to the fact that the calculated elements in D are dense multivari te polynomials. However, if we represent all calculated elements implicitly as the semantics . T of the variables of a certain straight-line program, this exponential growth does not occur he algebraic RAM over D that generates the straight-line answer now ‘‘simulates’’ the arithmetic operations in D in the following way. Assume the elements

a = sem(v ), b = sem(v ) ∈ D, n κ λ eed to be multiplied in the course of the polynomial division algorithm. At this point we already have a straight-line program

Q = ({y � ν=0,..., n} ∪ {z � μ=0,..., m−1}, V , C , {2}) κ l ν μ l l

λ l l+1 κ λ l a such that v , v ∈ V . We now merely need to append the assignment v ← v × v to C nd obtain a program Q with a b ∈ sem(Q ). The binary cost of such a simulated divi-

l+1 l+1 κ λ sion is O(log(l) + size(v ) + size(v )). It is this cheapness for arithmetic that makes the e f straight-line representation for multivariate polynomials so efficient. For later reference w ormulate our observations as a theorem.

Theorem 4.1 (Simulation Principle): Assume an algebraic RAM M over D on input n ≥ 1, x ,..., x ∈ D computes y ,..., y ∈ D in T(n) steps without testing an element in D for

1 n 1 m

zero. Then we can construct an algebraic RAM M′ over D that on the same input computes

February 9, 1987 h the encoding of a straight-line program P over D wit

len(P ) ≤ T(n) and {y ,..., y } ⊂ sem(P )

such that M′has binary complexity 1 m

O(T(n) logT(n) + size(x )). n ν 1ν=Σ n t Proof: By simulating arithmetic instructions as above. The additional factor of logT(n) i he binary complexity arises from the binary cost of each individual simulation step. The cost ν size(x ) enters because we must initialize certain program variables to x . Other pro- =1 n ν ν g Σ_{ram variables will be initialized to constants from the program, but since the number of such}

constants is fixed the binary cost of those initializations takes constant time. � e t The polynomial division algorithm was special because no elements in D needed to b ested for zero. This is also true for polynomial or matrix multiplication, but for other impor- - n tant algebraic algorithms, such as computing the rank of a matrix polynomial, such tests can ot be entirely avoided. However, algorithm Zero-Test together with choosing the evaluation - g points randomly allows us to extend the simulation principle to certain algebraic RAM pro rams on data represented by straight-line programs even in the case those RAMs also test m domain elements for zero. We first justify the failure probabilities by the following two lem- as. Lemma 4.1 (Schwartz [37], Lemma 1): Let 0 ≠ f ∈ E[x ,..., x ], E an integral domain, R 1 n 1 n y ⊂ E. Then for randomly selected a ,..., a ∈ R the probabilit

Prob(f (a ,...,a ) = 0) ≤ card(R) deg(f ) �. ( 1 n We also refer to [16] for an interesting characterization of a suitable set of n-tuples that dis- - n tinguishes all non-zero polynomials given by short straight-line programs from the zero poly omial.) � 1 n Lemma 4.2: Let P = ({x ,..., x }, V, C, S) be a straight-line program of length l over - F (x ,..., x ), F a field, S ⊂ F . Furthermore, assume that a ,..., a ∈ R ⊂ F were ran

1 n 1 n ν ν s t domly selected. Then the probability that P is defined at ϕ(x ) = a , 1 ≤ ν ≤ n, is not les han 1 – 2 /card(R). P l+1 roof: It follows by induction on λ that

deg(num(sem v )), deg(den(sem v )) ≤ 2 , 1 ≤ λ ≤ l.

Thus λ λ λ

deg � � � den(sem(v )) � � � ≤ 2 < 2 , l λ l+1 1 l λ λ= 1λ=Π Σ

7 February 9, 198 . and the lemma follows from the previous one �

We now can demonstrate our probabilistic simulation principle on the example of computing a determinant with sparse polynomial entries in F [x ,..., x ]. If we perform Gaussian 1 n s i elimination or the asymptically faster algorithm by Bunch and Hopcroft [6], certain element n F [x ,..., x ] need to be tested for non-zero before one can divide by them. At that point, t 1 n hese elements are computed by a straight-line program and we can probabilistically test them s t by picking a random evaluation and applying the Zero-Test algorithm. The latter only need o be called if size-growth over F = Q is to be controlled. If we choose our evaluation points t w from a sufficiently large set, then by lemma 4.2 and the Zero Test algorithm the chance tha e miss a non-zero element can be made arbitrarily small. We point out that it is here where we can make full use of our RANDOM instruction introduced in §2. If F = F , we may_q

q^k . T have to evaluate over an algebraic extension F in order to poll from a large enough set he produced straight-line program is always correct, provided we know in advance that the a p determinant is non-zero. Otherwise, we might with controllably small probability output rogram computing 0 even if the determinant is not, instead of returning ‘‘failure.’’ r F The probabilistic computation of a straight-line program of an m by m determinant ove [x ,..., x ] takes binary polynomial-time in m, n, the coefficient size of the sparse polyno- m 1 n ial entries, and log 1/ε, where the resulting program is guaranteed to be correct with proba- t t bility > 1 – ε. This is true even if we miss a non-zero ‘‘pivot’’ element. The reason is tha he Gaussian elimination or the Bunch and Hopcroft algorithms always terminate in O(m )^3 s c steps, no matter whether the zero-tests are decided correctly or not. General algebraic RAM an be programmed in such a way that an impossible branch of the computation leads to an infinite loop. A section of a program with that property is shown in fig. 3.

1: CONST 1,7 Comment: Store 7 into data register 1 4 3 2: JMPZ 1,4 Comment: If data register 1 contains 0, goto label : HALT 4: JMP 4 Comment: Infinite loop e I Fig. 3: RAM with unbounded computation tre

n order to formulate the next theorem we therefore need to introduce the computation tree - t complexity of an algebraic RAM, which is the maximum depth of any path in the computa ion, ignoring whether the decisions along the path can actually be taken. We then have the

T following theorem.

heorem 4.2 (Probabilistic Simulation Principle): Assume an algebraic RAM M over D = e F (x ,..., x ) on input n ≥ 1, x ,..., x computes y ,..., y ∈ D in T(n) computation tre

1 n 1 n 1 m e i steps. Then we can construct a probabilistic algebraic RAM M′ over D that on the sam nput computes the encoding of a straight-line program P over D with len(P ) ≤ T(n) such - that with probability > 1 – ε, {y ,..., y } ⊂ sem(P ). Furthermore, M′requests random ele 1 m ments from a set R ⊂ F with

February 9, 1987

, � � � � 2 T(n) ε card(R) = � � � T(n)+2

q a^{O(1)} nd has arithmetic complexity T(n) . For F = Q and F = F , M′ has binary complexity (T(n) log(1/ε)) .^{O(1)}

Proof: All instructions of M except JMPZ instructions are treated as for theorem 4.1. In - m order to decide which branch to select on simulation of a zero-test, we randomly select ele ents in R and perform the Zero-Test algorithm on the current straight-line program defining d b the element to be tested. The length of that intermediate program is no more than T(n), an y lemma 4.2 an incorrect answer is returned with probability < 2 /card(R), because the

T(n)+2 ) s program in step Z of the Zero-Test algorithm is one instruction longer. Clearly, at most T(n uch tests arise, and we do not decide any of them wrongly, even using one and the same evaluation for sake of efficiency, with probability less than

card(R)

T(n) 2 � ≤ ε. T(n)+2 � s i For special problems such as the symbolic determinant computation the randomization ntroduced in the above theorem are not essential. If we remove the divisions from the gen- - c eric determinant computation by Strassen’s method (see Theorem 7.1) we can deterministi ally in polynomial-time produce a straight-line program for a symbolic determinant. How- t ever, the length of this program is O(M(m)m ), where m is the dimension of the inpu 3 3 k a matrix. It is an open question whether an improvement to O(m ) is possible. We remar lso that Ibarra, Moran, and Rosier [19] observed a similar trade-off for removing decisions in the matrix rank problem.

February 9, 1987

5. Polynomial Coefficients

We now describe an important utility algorithm for our theory. Assume f ∈ F [x ,..., x_{n 1 n} 1 ], F a field, is given by a straight-line program P over F (x ,..., x ) and assume we know a bound d such that f = c (x ,..., x )x , c (x ,..., x ) ∈ F [x ,..., x ]. (†) d δ 2 n 1 δ δ 2 n 2 n 0δ=Σ 2 n 0 d ∈ s We want to produce a straight-line program Q over F (x ,..., x ) such that c ,..., c em(Q). The solution we present in this section is based on the idea to compute the c by_δ , w interpolating at different points. In §7 we will give our original solution to this problem [21] hich is based on the then needed Taylor Series algorithm and which is not only more com-

A plicated but which also leads to an asymptotically longer result. Here is now the algorithm.

lgorithm Polynomial Coefficients 1 Input:

� f ∈ F [x ,..., x ] given by a straight-line program P = ({x ,..., x }, V, C, S) over 1 1 n 1 n n x_1 . O F (x ,..., x ) of length l, a failure probability ε << 1, and a bound d ≥ deg (f ) utput:

� Either ‘‘failure’’, this with probability < ε, or a straight-line program Q = ({x ,..., x_{n Q Q Q 2 n} 2 }, V , C , S ) over F (x ,..., x ) such that {c ,..., c } ⊂ sem(Q) and len(Q) = O(l d + M(d)logd), w_δ 0 d here c is defined in (†).

Step E (Good Evaluation Points): From a set R ⊂ F with � �) 8 max((d+1) , 2 ε card(R) >^{2 l+1} r_{1 n q} andomly select elements a ,..., a . If F = F and q is too small we can work over an algebraic extension F with j sufficiently large.

q^j ν ν Test whether P is defined at ϕ(x ) = a , 1 ≤ ν ≤ n. For F = Q we call algorithm Zero- t Division Test of §3 such that the probability of ‘‘failure’’ even if P were defined at ϕ is less han ε/4. If P turns out to be (probably) undefined at ϕ we return ‘‘failure’’. Otherwise, P is

S (definitely) defined at ϕ. tep P (Interpolation Points): B ← {a }. 2 1 . REPEAT the following at most (d+1) times UNTIL card(B) = d+1

From the set R select a random point b. If b was chosen in previous iterations or is equal to a , we continue with the next repetition. Otherwise, test whether P is defined 1 1 i i

at ψ(x ) = b, ψ(x ) = a , 2 ≤ i ≤ n. If P is defined at ψ, adjoin the element b to B. l For F = Q we make the probability that we do not recognize this fact properly by caling the Zero-Division Test algorithm of §3 less than ε/(4d+4).

February 9, 1987 . S If at this point card(B) < d+1 we return ‘‘failure’’

tep I (Interpolation Construction): At this point we have B = {b ,..., b } such that P is

1 d+1 n d_{i 1 i i 2} efined at all χ (x ) = b . We first build programs Q over F (x ,..., x ) such that

f (b , x ,..., x ) ∈ sem(Q ), 1 ≤ i ≤ d+1.

i 2 n i 1 n t This is done simply by replacing each occurrence of x on the right side of an assignment i he computation sequence of P by b . Then we build a program Q that from the symbolic i i 0 i . T values w of a d degree polynomial evaluated at b finds the coefficients of that polynomial his is the interpolation problem, which can be solved classically in len(Q ) = O(d ), or a_0 0 2 symptotically faster in len(Q ) = O(M(d) logd) [1]. Notice that the algebraic RAM per- - g forming interpolation does not require zero-tests of field elements. Finally, we link the pro rams Q ,..., Q , Q properly together making sure that there is no naming conflict and

1 d+1 0

i i �

that the w are the corresponding variables in Q .

The following theorem summarizes the complexity of our algorithm. t r Theorem 5.1: Algorithm Polynomial Coefficients 1 does not fail with probability > 1 – ε. I equires polynomially many arithmetic steps in d and l on a probabilistic algebraic RAM over F . For F = Q and F = F its binary complexity is also polynomial in el-size(P ) and q

P log(1/ε).

roof: The algorithm can fail under four different circumstances. First in step E, P may be undefined at ϕ, that by lemma 4.2 with probability < 2 /card(R) < ε/4. Second, for F = Q l+1 h p we might fail to recognize that P is defined at ϕ, but we make this possibility happen wit robability < ε/4. Third, the loop in step P may not generate d+1 distinct b such that P is r defined at the corresponding ψ. Since we try (d+1) points, we can estimate this particula 2 1 – failure possibility as follows. A newly selected b was not chosen earlier with probability ≥ (d+1) /card(R) > 1 – ε/8. Then again by lemma 4.2 P is not defined at ψ for that indivi- 2 l+1 dual point with probability < 2 /card(R) < ε/8. Therefore a suitable evaluation point can be found in a block of d+1 points with probability >

1 − (ε*) > 1 − d+1 ε*�, ε* = 4 ε�, d d+1 d because (1/ε*) > 2 ≥ d+1 for ε* < 1/2. Now the probability that a good point occurs in all of the d+1 blocks of points is > � � � 1 − d+1 ε*� � � > 1 − ε* a

d+1

nd hence failure happens for the third case with probability < ε/4. Fourth and last, for F = y p Q we again may not recognize that P is defined at ψ, even if there were sufficiently man oints. A good point is not missed with probability > 1 – ε/(4d+4) and hence the first d+1 such points are recognized with probability

February 9, 1987

.�ε � � � � > 1 − 4 ε ) � � � 1 − 4(d+1 d+1

d b This concludes the argument for the failure probability. The statements on the arithmetic an inary running times are a direct consequence of theorem 3.1 and theorem 4.1. � ≥ d The Polynomial Coefficients 1 algorithm required the knowledge of a bound d eg (f ). If no such bound is given, we can probabilistically guess the degree by running our

x_1

algorithm for

d = 1, 2, 4,..., 2 , ....

L_{k 1 n} k et f (x ,..., x ) be the interpolation polynomial that is produced for the k-th run. We then choose a ,..., a ∈ R randomly and probabilistically test whether 1 n 1 n k 1 n . I f (a ,..., a ) − f (a ,..., a ) = 0

f the Zero-Test algorithm called with a failure chance ε/2 returns ‘‘probably 0,’’ then by g lemma 4.1 with probability > 1 – ε, f = f and 2 ≥ deg (f ). Of course, by further testin k k x_1

c_{δ 2 n}^{k k}

(x ,..., x ) for zero, δ = 2 , 2 −1, ... we can get a probabilistic estimate for the actual degree deg (f ). This procedure has expected polynomial running time in deg (f ), and can

x x_1 1 k 1 2 n - s be made quite efficient by computing the f (x , a , ,..., a ) incrementally without even con tructing a straight-line program for f [10]. The total degree of f can be similarly estimated k 1 , y using the translations that we will introduce in §6, or by computing the degree of f (y z ,...

z) in z. A more general degree test is discussed in §8 (cf. corollary 8.1). n One may question whether it is possible to find a program of length polynomial in l only e for a selected c (x ,..., x ), 1 ≤ δ ≤ 2 . This is most likely not the case, as an example du

δ 2 n l to Valiant [45] exhibits. Consider

g(y ,..., y , z ,..., z ) = � � � y z � � � . (‡) n j i,j 1 n j= 1 1 n 1,1 n,n i=Π Σ T_{1 n} hen the coefficient of the monomial y ... y in g is the permanent of the matrix s [z ] . Performing a Kronecker substitution x for y this permanent appears a

i,j 1≤i ,j≤n

(n+1) i t_{δ 1,1 n,n}^δ i−1 he coefficient c (z ,..., z ) of x for

δ = 1 + (n+1) + (n+1) +...+ (n+1) , in 2 n−1

g(x, x ,..., x , z ,..., z ).

n+1 (n+1) 1,1 n,n n−1 . Therefore the degree-unrestricted coefficients problem is #P-hard [44]

The just mentioned example also shows that certain operations on straight-line programs - t most likely cannot be iterated without increasing the length of the output program exponen ially. Take, for example, computing partial derivatives. Clearly, by our algorithm

February 9, 1987 h Polynomial Coefficients 1 we can find a program Q wit

∂x ∂ f� ∈ sem(Q) and len(Q) = O(l d ). k 2 k 1 In order to obtain multiple partial derivatives in different variables we could iterate this pro- p cess on the distinct variables. However, every iteration increases the length of the previous rogram by at least a constant factor and the final program turns out to be of exponential f length in the number of different variables. This blow-up also appears to be inherent, because rom (‡) we get

∂y ...∂y ∂ g � = perm([z ] ). n i,j 1≤i ,j≤n n I 1 t came as a surprise to us that certain iterations causing a similar exponential growth, such as a the variable by variable Hensel lifting [22], do not constitute inherent complexity and can be voided [23].

February 9, 1987

6. Polynomial Greatest Common Divisors

We now come to the first application of our theory, that of computing polynomial GCDs. Our goal is to produce for r polynomials f ∈ F [x ,..., x ], 1 ≤ ρ ≤ r , given by a straight-

ρ 1 n ρ 1≤ρ≤r e a line program P , a straight-line program Q with GCD (f ) ∈ sem(Q). For simplicity w re assuming that all f are computed by a single program P . Clearly, this can be enforced b ρ y merging any possibly different input programs. We also assume that we know an a-priori bound d ≥ deg(f ), 1 ≤ ρ ≤ r . Our algorithm is a probabilistic one and the returned Q may ρ not determine the correct GCD, this with probability < ε. The difficulty is, of course, to accomplish the construction in binary polynomial-time in

len(P ), el-size(P ), d, log( ε �1�). e a Notice that the parameters n and r are dominated by len(P ). We do not know how th pproach of repeated GCD computations GCD(f , f ), GCD(GCD(f , f ), f ), ..., x 1 2 1 2 3 ρ o_1 r that of extracting cont (f ), 1 ≤ ρ ≤ r , (cf. Brown [5]) can lead to a polynomial-time solution.

We first restrict ourselves to r = 2, that is the GCD problem for two polynomials. We t will later show that the GCD problem for many polynomials can be probabilistically reduced o that for two. In order to avoid the content computation we will work with the translated polynomials f̃ = f (x , y +b x ,..., y +b x ) ∈ F [x , y ,..., y ], ρ = 1, 2, w_ν

ρ ρ 1 2 2 1 n n 1 1 2 n

here b ∈ F are randomly selected elements, 2 ≤ ν ≤ n. Since the mapping f → f̃ is a ) ring isomorphism from F [x ,..., x ] into F [x , y ,..., y ], we must have g̃ = GCD(f̃ , f̃

1 n 1 2 n 1 2

w_{1 2} here g = GCD(f , f ). The reason for performing this translation is that with high probability ldcf (f̃ ) ∈ F , ρ = 1 or 2. The following easy lemma can be formulated. x ρ 1 1 n 2 n - m Lemma 6.1: Let f ∈ F [x ,..., x ], b ,..., b ∈ F . Then there exists a non-zero polyno ial τ(β ,..., β ) ∈ F [β ,..., β ], deg(τ) ≤ deg(f ), such that τ(b ,..., b ) ≠ 0 implies

2 n 2 n 2 n

x 1 2 2 1 n n 1 1 2 n

l_1 dcf (f (x , y +b x ,...,y +b x )) ∈ F over F [x , y ,...,y ].

Proof: Let 0 ≠ τ = ldcf (f (x ,y +β x ,...,y +β x )) ∈ F [β ,...,β ]

x 1 2 2 1 n n 1 2 n 1 � o_{1 2 n 2 n} ver F [x , y ,..., y , β ,..., β ] and apply lemma 4.1 to τ. l r The trick is now to perform the Euclidean algorithm, that is compute a polynomia emainder sequence, on the translated polynomials over the coefficient field F (y ,..., y ) in 1 2 n t the variable x . Le

February 9, 1987 . g̃ = GCD(f̃ , f̃ ) over F (y ,..., y )[x ], ldcf (g̃) = 1

1 2 2 n 1 x_1

1 2 s

The point is that if lemma 6.1 applies to f̃ or f̃ , that i

ldcf (f̃ ) or ldcf (f̃ ) ∈ F , (†)

x 1 x 2 1 1 1 t_{1 2 2 n} hen g̃ will actually be the GCD of f̃ and f̃ over F [y ,..., y , x ]. This is a consequence t b of Gauss’s lemma [28], §4.6.1, Lemma G, stating that products of primitive polynomials mus e primitive. The claim about g̃ can be shown from this as follows. Assume that (†) is true for f̃ , and let g̃* = f̃ /g̃. Furthermore, let c and c* ∈ F [y ,..., y ] be the least common

1 1 2 n

denominators of g̃ and g̃*, respectively. Now (c g̃) (c* g̃*) = (c c*) f̃ ,_1 1 w_{1 2 n} here c g̃ and c*g̃* are primitive in F [x , y ,..., y ] with respect to x . Therefore, c c* ∈ F and hence g̃ ∈ F [x , y ,..., y ]. Since g̃ is monic with respect to x , g̃ also divides f̃

1 2 n 1 2 1 2 n x 2_1 r d over F [x , y ,..., y ], irrespective whether ldcf (f̃ ) ∈ F . Since g̃ is computed in a large omain, our claim is immediate.

Our algorithm will construct the polynomial remainder sequence for f̃ and f̃ . We will 1 1 2 - l work on the coefficient vectors with respect to x , which we can obtain initially in straight ine representation by the polynomial coefficients algorithm. During this process we must, however, compute the degrees of the remainders in x . We do this probabilistically by 1 e_{ν ν} valuating y randomly at a , as was done also for the probabilistic simulation principle. The

A algorithm now follows in detail.

lgorithm Polynomial GCD

Input:

� f , f ∈ F [x ,..., x ] of degree ≤ d given by the straight-line program P = ({x ,..., x_n

0 1 1 n 1

}, V, C, S) of length l, and a failure allowance ε << 1. , � Either ‘‘failure’’, this with probability < ε, or a straight-line program Q = ({x ,... : Output_{0 1} x_{n 0 0 0 1 n}^2

}, V , C , S ) over F (x ,..., x ) of length O(l d + d ) such that with probability ≥ 1 – ε

GCD(f , f ) ∈ sem(Q ).

0 1 0 h Step R (Random Points Selection): From a subset R ⊂ F wit

card(R) > ε max(2 , 8d ) � l+4 3

q s_{1 n 2 n} elect randomly a ,..., a , b ,..., b . In case F = F where q is too small we can work in s F instead. Since the GCD can be computed by coefficient arithmetic alone it remain

q^j

invariant under field extensions.

Step T (Translation): Set C̃ = (u ← x × b , x̃ ← y + u ,..., u ← x × b , x̃ ← y + n 2 1 2 2 2 2 n 1 n n n ν u ) concatenated with the modified computation sequence of P in which all occurrences of x

February 9, 1987

are replaced by x̃ . Thus ν 1 2 n 2≤ν≤n ν ν 2 n P ∪ ~ = ({x , y ,..., y }, V ∪ {u , x̃ }, C̃, S ∪ {b ,..., b }),

is a straight-line program over F (x , y ,..., y ) that computes

1 2 n ρ δ=0 d ρ,δ 2 n 1 δ 1 2 n f Σ ~ = c (y ,..., y )x ∈ F [x , y ,...,y ], ρ = 0, 1.

≤ Step C (Coefficient Determination): Test whether P̃ is defined at ϕ(x ) = a , ϕ(y ) = a , 2

1 1 ν ν e p ν ≤ n. If not return ‘‘failure’’. For F = Q we call algorithm Zero-Division Test with failur robability ε/3.

Call algorithm Polynomial Coefficients 1 with input program P̃ , degree bound d, failure probability ε/3 and the indices λ such that f̃ = sem(v ) for ρ = 0 and 1. We obtain ρ ρ λ_ρ 1 Q_{1 2 n 1, 1,}

= ({y ,..., y }, W C T ) y such that all c ∈ sem(Q ). Notice that in the algorithm Polynomial Coefficients 1 we onl ρ,δ 1 1 - l need to evaluate on one set of points, even though Q encodes the calculation of two interpo ation polynomials. This shortens len(Q ) considerably. We also share a ,..., a with that

1 1 n 1 d a algorithm rather than selecting new points in step E there. This guarantees that Q is define t ϕ restricted to y ,..., y . We could have tested for this condition after constructing Q , b 2 n 1

ut the error analysis would be a little more involved. = Step D (Degree Determination): In this step we probabilistically find d = deg (f̃ ) and d

0 x 0 1

x_1 1 1 . F deg (f̃ )

OR δ ← d, d−1 ,..., 0 DO

Call algorithm Zero Test with Q , ϕ(y ) = a , λ such that c = sem(w ), w ∈ W ,

1 ν ν 0,δ 1,λ 1,λ 1 0 . N and failure probability ε/(4d). If ‘‘definitely ≠ 0’’ is returned, exit the loop with d = δ otice that then

Prob(d = deg (f̃ )) ≥ 1 − 4d �ε�.

0 x 0_1 0 e s Here we dropped through the loop, that is with high probability f̃ = 0. By convention w et d = –1. 0 1 0 1. S Similarly, compute d . Without loss of generality we now assume that d ≥ d

tep E (Euclidean Loop): FOR k ← 1, 2,... DO step R. m Step R (Polynomial Remaindering): At this point we have a straight-line progra Q = ({y ,...,y }, W , C , T )

k 2 n k k 1 0 d such that for any i-th polynomial remainder in the Euclidean remainder sequence of f̃ an

February 9, 1987

f̃ over F (y ,..., y )[x ]

1 2 n 1

i δ=0 d i,δ 1 δ i,δ 2 n

Σ^i

f̃ = c x , c ∈ F [y ,...,y ], 1≤ i ≤ k,

with high probability c ∈ sem(Q ) for all 0 ≤ δ ≤ d , 1 ≤ j ≤ i. k j,δ i j

k+1 l d Now we update Q to the straight-line program Q , which also simulates the polynomia ivision of f̃ and f̃ over F (y ,..., y )[x ]. Provided Q was correct the program exactly

k−1 k 2 n 1 k k+1 k+1 k . I determines the next remainder f̃ , whose degree d < d we guess like in step D

F d = –1 (that is f̃ = 0) THEN proceed to step G.

k+1 k+1 k Step G (GCD Generation): Q now determines, with high probability, the coefficients of a , remainder f̃ = c x , which corresponds to the GCD of f̃ and f̃ over F (y ,... Σ k δ=0 d k,δ 1 δ 0 1 2 n k 1 k e y )[x ]. Append assignments to C that comput

ldcf (f̃ ) f̃ � = c c� x . x_1 k

k k k δ=0 d k,d k,δ 1 δ

T_1 Σ his makes the computed GCD monic in x and by the discussion previous to the algorithm t we have, with high probability, the GCD of f̃ and f̃ over F [y ,..., y , x ]. Finally, pu

0 1 2 n 1 n 2 2 1 2 n n 1 t o the assignments computing the back-translation y ← x – x b ,..., y ← x – x b in fron f C and output Q = ({x ,..., x }, W , C , T ) where W and C are the updated W and k k 0 1 n k ′ k ′ 1 k ′ k ′ k � C . The following theorem summarizes the complexity of the Polynomial GCD algorithm. e i Theorem 6.1: Algorithm Polynomial GCD does not fail with probability > 1 – ε. In that cas ts output correctly determines the GCD of its inputs with probability > 1 – ε. It requires r F polynomially many arithmetic steps in d and l on a probabilistic algebraic RAM over F . Fo = Q and F = F its binary complexity is also polynomial in el-size(P ) and log(1/ε). P q roof: Polynomial running time follows from the theorems 3.1, 4.1, and 5.1. ‘‘Failure’’ can , t only be returned in step C. There are three possibilities that can cause such an event. First he program P̃ may not be defined at ϕ. By lemma 4.2 this happens with probability < , 2 /card(R) < 1/(3ε). Second, for F = Q we might fail to recognize that P̃ is defined at ϕ l+1 but we make this possibility happen with probability < ε/3. Third, the Polynomial

W Coefficients 1 algorithm may fail, that with probability < ε/3.

e now establish the estimates for the probability that Q determines the GCD. Let τ be k 1 1 1 a 4 the polynomial from lemma 6.1 corresponding to f . The degree deg(τ ) ≤ d and by lemm .1 Prob(ldcf (f̃ ) ∈ F ) ≥ 1 − 8d ε� > 1 − 4 ε�. (A)

x 1 2 1

February 9, 1987 n t If this is the case step G is justified. Now we consider under which circumstances we obtai he correct degrees d . In order to obtain a sharp estimate we will appeal to the theory of s k ubresultants (cf [28],. §4.6.1 and the references there). A reader unfamiliar with that theory h l can refer back to the probabilistic simulation principle, but then card(R) would be muc arger than what we can prove. By c� ∈ F [y ,..., y ] we denote the leading coefficient of i i 2 n

0 1 1 i 2 a the d -degree subresultant of f̃ and f̃ with respect to x , 0 ≤ i ≤ k. Then deg(c� ) ≤ 2d nd for each c there exist integers e such that

i,d i,j i

i i,j i Π ,d j=0 i j e c = c� , 0 ≤ i ≤ k. (‡)

Furthermore, let σ = c� ∈ F [y ,..., y ]. Since deg(σ) ≤ 2d ,

Πi =0^k i 2 n^3

P_{2 n 2 n} rob(σ(a ,...,a ) ≠ 0 � a ,..., a ∈ R) ≥ 1 − 4 ε�. (B) - Assume now that this is the case, which means by (‡) that no leading coefficient of f̃ evalu_i

0 1 k Q n ates to zero. We test overall at most 2d coefficients of f̃ , f̃ ,..., f̃ for zero. For F = one of these tests misses a non-zero evaluation with probability ≥ ) �. (C ε � � � � > 1 − 2 ε d � � � 1 − 4 2d

ν N_{i ν} otice that all programs Q remain defined at ϕ(y ) = a , 2 ≤ ν ≤ n. Therefore, all events (A), (B), and (C) occur with probability > 1 – (ε/4 + ε/4 + ε/2) > 1−ε. In that case Q is a_k straight-line program for the GCD. �

We used the theory of subresultants only in our proof, but we could as well have used - t the more involved subresultant pseudo-divisions in step R of our algorithm. Then the evalua ions over Q would stay better bounded in size and we would be even less likely to miss a e c non-zero leading coefficient of a remainder. Instead of the classical Euclidean algorithm w ould also have used the asymptotically faster Knuth-Sch"onhage algorithm [33]. This would r shorten the length of Q asymptotically to O(l d + M(d)log(d)) with a different bound fo 0 the cardinality of R, see algorithm Rational Numerator and Denominator in §8 for more details.

We now consider the case of more than two input polynomials. For this case we use a , probabilistic trick that reduces the problem of computing g = GCD (f ), f ∈ F [x ,...

1≤i ≤r i i 1

x_n], to that of computing the GCD of two polynomials. All one has to do is take two random r linear combinations a f , b f , a , b ∈ R ⊂ F , and with high probability thei Σ Σ i=1 r i i i=1 r i i i i . T GCD coincides with g. Following is the relevant theorem

heorem 6.2: Let f ∈ F [x ,..., x ], F a field, deg(f ) ≤ d for 1 ≤ i ≤ r , R ⊂ F . Then

i 1 n i

i i , for randomly chosen a , b ∈ R, 1 ≤ i ≤ r

Prob � � � GCD (f ) = GCD( a f , b f ) � � � ≥ 1 − card(R) 2d �. r i i 1 r i i i= 1 1≤i ≤r i i=Σ Σ

7 February 9, 198 t Proof: We first show this theorem for n = 1. Le

f^ = α f , f^ = β f ∈ E[x], E = F [α ,...,α ,β ,...,β ], r i i 1 r 1 r 1 r i i 2 i= 1 1 i=Σ Σ 1≤i ≤r i 1 2

g = GCD (f ). Clearly, g � f^ , g � f^ . The first claim is that g = ĝ where ĝ = d GCD(f^ , f^ ). We observe that ĝ ∈ F [x] since the sets of the other indeterminates in f^ an

1 2 1 i f_{2 1 1 1}

^ are disjoint. Now write f^ = ĝ f^ * where f^ * ∈ E[x]. If we evaluate this equation at α e = 1 and α = 0, j ≠ i, then we get ĝ � f , 1 ≤ i ≤ r . Therefore ĝ �g which proves th j i 1 2 h r claim. Now let σ ∈ E be the leading coefficient of the subresultant of f^ and f^ wit espect to x that corresponds to ĝ. If σ(a ,..., a , b ,..., b ) ≠ 0 then

1

1 r 1 r

2 1 r 1 r

1 1 r 1 r 2 1 r 1 r )

GCD(f^ (a ,...,a ,b ,...,b , x), f^ (a ,...,a ,b ,...,b , x) , w = GCD(f^ , f^ )(a ,...,a ,b ,...,b , x)

hich implies the asserted event. Since deg(σ) ≤ 2d, lemma 4.1 establishes the stated proba-

W bility.

e now reduce the multivariate to the univariate case by using the translation of lemma 6.1 generically. Consider for f ∈ F [x ,..., x ]_{1 n}

1 2 2 1 n n 1 2 n 1 2 n . N f� = f (x ,y +z x ,...,y +z x ) ∈ F (z ,...,z )[x ,y ,...,y ]

ow g� = GCD (f� ) where the latter can be computed over F (z ,..., z , y ,..., y )[x ] since

1≤i ≤r i 2 n 2 n 1

ldcf (f�) ∈ F (z ,...,z ).

x 2 n 1 t From the univariate case it follows then tha

Prob � � � g� = GCD( a f� , b f� ) � a , b ∈ R � � � ≥ 1 − card(R) 2d �. r i i i i 1 r i i i= 1i=Σ Σ 1 1 i i i 1 m f However, the mapping Φ defined by Φ(x ) = x , Φ(y ) = x – z x is a ring-isomorphis rom F (z ,..., z )[x , y ,..., y ] into F (z ,..., z )[x ,..., x ]. Applying this mapping to

2 n 1 2 n 1 n 1 n � the above event we therefore obtain the theorem.

February 9, 1987

7. Taylor Series Coefficients

We now present a different approach to finding the coefficients of a polynomial. The V idea is similar to Strassen’s elimination of divisions [43] and has also been mentioned by aliant [45], end of §4. Its essence is to compute the Taylor series coefficients over F (x_2 ,_{n 1}

..., x )[[x ]] to a given order for the functions computed in all program variables. For a par- T ticular variable, these coefficients are computed from the coefficients of previous variables by aylor series arithmetic. As we will note later, Strassen’s results can be reduced to our algo- a rithm by an appropriate substitution. We first formulate the general procedure under the ssumption that the rational functions computed in the variables can be expanded into Taylor series at the point x = 0. Then we will apply this procedure to the coefficients problem as 1 . A well as to eliminating divisions

lgorithm Taylor Series Coefficients

Input:

� f ∈ F (x ,..., x ) given by a straight-line program P = ({x ,..., x }, V, C, S) of

1 n 1 n 1 length l that is defined at ϕ(x ) = 0. From this it follows that f can be expanded as a Taylor series

f (x ,..., x ) = c (x ,..., x )x , c (x ,..., x ) ∈ F (x ,..., x ). ∞ δ 2 n 1 δ δ 2 n 2 n 0 1 n δ=Σ . O Furthermore, the desired order d is given

utput:

� A straight-line program Q = ({x ,..., x }, V , C , S) over F (x ,..., x ) such that 0 2 n Q Q 2 n d {c ,..., c } ⊂ sem(Q) and len(Q) = O(l M(d)).

Step L (Loop through instruction sequence): C ← ∅._Q F FOR λ ← 1 ,..., l DO Step T. inally, set V = {w } ∪ {u �u is any of the intermediate variables}. Return Q = ({x_2 Q λ,δ Q ,_{n Q}

..., x }, V , C , S).

Step T (Taylor series arithmetic): Let v ← v v be the λ-th assignment in C. Instead λ λ ′ λ λ ′′ � 1 o_λ f computing sem(v ) we compute the first d+1 coefficients of x in its power series expansion over F (x ,..., x )[[x ]], which we store in w ,..., w .

2 n 1 λ,0 λ,d δ ′′ Q λ μ λ, δ ′ λ, δ C �_{λ λ,δ λ,} ase = ±: FOR δ ← 0 ,..., d append w ← w +w to C . If v* = v then w* = w for * = ′,′′.If v* ∈ X ∪ S we use μ,δ λ v_λ* if δ=0 1 if δ=1 . w* =

0 if δ>0 and v*∈(X ∪S )\{x }, 0 if δ≠1 and v*=x λ,δ λ 1 λ 1

λ { } { } λ,0 ′ λ,d ′ λ,0 ′′ C � ase = ×: Construct a straight-line program which, on input w ,..., w , w ,..., w , computes in the variable w , 0 ≤ δ ≤ d, the convolution λ,d ′′ λ,δ

0≤i , j≤d i+j=δ λ,i ′ λ, j ′′ Σ^{w w ,}

m February 9, 1987

aking sure that all temporary variables are new. Now append this straight-line program to C . Notice that the increase in length depends on which multiplication algorithm is used. Q λ Q λ,δ C �ase = ÷: We first append to C assignments for u , 0 ≤ δ ≤ d, such that . � = sem(u )x , sem(u ) ∈ F (x ,...,x ) 1 x � = sem(w ) 1 ) sem(v_λ^{′′} δ≥0 λ,δ ′′ 1 δ δ≥0 λ,δ 1 δ λ,δ 2 n

T Σ Σ he fastest method uses Newton iteration. We shall briefly present the algorithm for an algebraic RAM over F (x ,..., x ). 2 n ′′ 0 α_{0 λ,}

← 1/sem(w ). O FOR i ← 1 ,..., �log(d+1) �D

At this point α is the 2 −1st order approximation of 1/sem(v ). i i−1 i−1 λ ′′ i−1 i−1 2 δ=0 d λ,δ ′′ 1 δ 1 min(d+1,2 )

Σ^{i .} T α ← 2α – α ( sem(w )x ) mod x

wo points should be made. First, sem(w ) ≠ 0 since P is defined at ϕ. Secondly, the total ′′ 0 n Σi <log(d+1)^{i λ,}

umber of steps is O( M(2 )), or again O(M(d)). s Once the u are introduced we proceed as in the previous case to obtain the convolution λ,δ j ′ λ, i i+j=δ λ,w u . � Σ The binary complexity of this algorithm follows from theorem 4.1, and is on an algebraic e m RAM over F of order O(l M(d)log(l M(d)) + el-size(P )). We wish to point out that in cas any divisions occur in the computation sequence of P we can reduce the number of power r s series divisions to just a single one by the following idea. Instead of computing the powe eries approximations to order d of all sem(v ) we compute the approximations of n_{λ λ} λ um(sem(v )) and den(sem(v )) separately by polynomial multiplication. Thus the only power series division necessary is that for num(sem(v )) / den(sem(v )). l l e t We now apply the Taylor Series Coefficients algorithm to the coefficients problem. Th rick is to translate x = y + a for a randomly chosen a such that P is defined at ϕ(y ) =

1 1 1 1 1 1 1 0, which is the same as ϕ(x ) = a . To unravel this translation, however, will require a bit of

A work.

lgorithm Polynomial Coefficients 2 . � The same as in the algorithm Polynomial Coefficients 1 : O Input

utput:

� Again the same as in the algorithm Polynomial Coefficients 1, except that len(Q) =

S O(l M(d)).

tep FT (Forward Translation): From a set R ⊂ F with card(R) > 2 /ε randomly select ele- l+2 q 1 n q^j w ments a ,..., a . If F = F and q is too small we can work over an algebraic extension F ith j sufficiently large.

February 9, 1987 - Test whether P is defined at ϕ(x ) = a , 1 ≤ ν ≤ n. For F = Q we call algorithm Zero ν ν Division Test of §3 such that the probability of ‘‘failure’’ even if P were defined at ϕ is less s ( than ε/2. If P turns out to be (probably) undefined at ϕ we return ‘‘failure’’. Otherwise, P i definitely) defined at ϕ.

Set C̃ = (x̃ ← y +a ) concatenated with C in which all occurrences of x are replaced by 1 1 1 1 1

1 2 n 1 1 a s x̃ . Now P̃ = (X̃, Ṽ, C̃, S̃) with X̃ = {y , x ,..., x }, Ṽ = V ∪ {x̃ }, and S̃ = S ∪ {a } is traight-line program that computes f (y +a , x ,..., x ) over F (y , x ,..., x ), and which is 1 1 1 2 n 1 2 n . S defined at ϕ(y ) = 0

tep C: Call algorithm Taylor Series Coefficients with program P̃ and order d. A program Q̃ is returned that computes c̃ ∈ F [x ,..., x ], 0 ≤ δ ≤ d, such that

δ 2 n

δ=0 d δ 1 δ 1 1 2 n 1 n δ=0 d δ 1 1 δ Σ Σ c̃ y = f (y +a , x ,..., x ), or f (x ,..., x ) = c̃ (x − a ) . d Step BT (Back-Transformation): We compute c ∈ F [x ,..., x ], 0 ≤ δ ≤ d, from a an

δ 2 n 1

t_δ he c̃ such that

f (x ,...,x ) = c x^{δd}_{δ 1} 0 1 n δ=Σ t a by a fast ‘‘radix conversion’’ method [28], §4.4, Exercise 14, which we shall briefly presen s an algebraic RAM algorithm. h Split f = f + (x − a ) f wit

0 1 1

�d/2� 1 0 δ=0 �d/2�−1

δ 1 1 δ 1 δ=0 �d/2�

δ+�d/2� 1 1 δ f Σ Σ = c̃ (x − a ) , f = c̃ (x − a ) . . Convert f and f by recursive application of the algorithm 0 1 2 1 1

�d/2� . C Compute f = (x − a ) by repeated squaring ompute f f + f by polynomial multiplication and addition. T 1 2 0

he complexity T(d) of this algorithm satisfies T(d) ≤ 2T(d/2) + γM(d), γ a constant, and 0 t hence is T(d) = O(log(d) M(d)). We note that for coefficient fields F of characteristic his conversion can be accomplished in even O(M(d)) arithmetic steps [2]. The program Q ) = to be returned is built from Q̃ by appending instructions for the conversion. Therefore len(Q O(l M(d) + log(d)M(d)), but since log(d) = O(l) the first term already dominates the asymptotic output length. �

It should be clear that theorem 5.1 applies to the algorithm Polynomial Coefficients 2 as r S well. It is somewhat surprising that we are not able to remove the restriction in the Taylo eries Coefficients algorithm that P be defined at ϕ(x ) = 0 by a translation similar to the 1 e l above. In fact, we know of no strategy of polynomial length in l that would comput dcf (f ), f ∈ F [x ,..., x ], but that does not depend polynomially on deg (f ). Note that

x 1 n x 1 1

February 9, 1987 f ldcf (f ) is the constant Taylor series coefficient o

x_1 x1 1 deg (f ) 1 2 n .

�, x ,..., x ) 1

A x f ( x lthough the algorithm Polynomial Coefficients 2 produces a program of asymptotically r w longer length than the algorithm Polynomial Coefficients 1, there exist circumstances unde hich the second algorithm is better in practice. One such situation arises when there are e c many input and scalar operands in the straight-line assignments. In our implementation of th oefficients algorithm [10] we therefore first estimate the length of the output program for r b either method and then perform the one that led to the smaller estimate. Length estimates fo oth algorithms can be computed quickly and fairly accurately, that is within 1% of the actual lengths.

We finally remark how the algorithm Polynomial Coefficients 2 can be used to remove . divisions from a program P of length l for a polynomial f ∈ F [x ,..., x ] of degree d

1 1 n

F_{1 n 1 i i} irst we need a ,..., a ∈ F such that P is defined at ϕ(x ) = a , 1 ≤ i ≤ n, as they are - r found in Step FT of the above algorithm. Then we apply the Taylor Series Coefficient algo ithm to a straight-line program P for the polynomial 1 2 n 1 1 n n ) w g(z, y ,..., y ) = f (y z +a ,..., y z +a

ith respect to the variable z and to the order d. The point is now that the only divisions s necessary are those to compute α ← 1/sem(w ) in the Newton reciprocal procedure. It i

0 λ,0 ′′ s c easy to see that the constant terms in the Taylor expansions at z = 0 for the rational function omputed by the program variables in P are in fact elements in F , that is α can be encoded 2 0 1 δ 1 n ] s as a new scalar. Our division-free resulting program Q now computes c ∈ F [y ,..., y uch that

g(z, y ,..., y ) = c (y ,...,y )z . d δ 1 n δ 0 1 n δ=Σ 1 P_{i i i} utting the proper translations for y = x − a , 1 ≤ i ≤ n, in front of Q we obtain the division-free program Q for f as 2 1 n δ=0 d δ 1 1 n n f Σ (x ,..., x ) = c (x − a ,..., x − a ). t The length of Q is O(l M(d)). It should be noted that this particular transformation canno 2 0 f e be carried out in binary random polynomial time since the new scalars α might be o xponential size, but other formulations without that drawback are of course possible. We also note that the coefficient of z in f (x z ,..., x z) is the homogeneous part of degree δ in δ 1 n f_{1 n}

(x ,..., x ). Strassen [43] describes this method with the homogeneous parts taking the s s place of coefficients, but then the computation of the reciprocal by Newton iteration need ome extra thought. For the record, let us state the following theorem.

T February 9, 1987

heorem 7.1: Let f ∈ F [x ,..., x ] be given by a straight-line program P of length l over 1 1 n n l+1 F (x ,..., x ), F a field with card(F ) ≥ 2 . There exists a universal constant γ and a division-free straight-line program Q = ({x ,..., x }, V , C , S ) such that

1 n Q Q Q Q � f ∈ sem(Q), S ⊂ F , and len(Q) ≤ γl M(deg(f )).

February 9, 1987 s 8. Numerators and Denominators of Rational Function

In this section we describe an algorithm that transforms a straight-line computation for a m rational function of known degree to one for its (reduced) numerator and denominator. A ajor application of this algorithm will be to parallelize computations for rational functions . H (cf. corollary 8.3). But first we shall review some needed properties of Padé approximants owever, we will not prove any of these properties and instead refer to [4] for an in depth discussion and the references into the literature. Let f (x) = c +c x+c x +... ∈ F [[x]], c ≠0, d,e≥0, b 0 1 2 2 0 e given. Going back to Frobenius 1881 a rational function p(x)/q(x) is called a (d,e)-Padé approximant to f if

f (x)q(x) − p(x) ≡ 0 mod x .

deg(p) ≤ d, deg(q) ≤ e, (†) d+e+1 e t It turns out that for any pair (d,e) there always exists a solution to (†) and that furthermor he ratio p/q is unique. This ratio forms the entry in row d and column e of an infinite a matrix referred to as Padé table. Already Kronecker 1881 realized that the entries in the d+e nti-diagonal of the Padé table are closely related to the Euclidean remainder sequence of f (x) = x , f (x) = c +c x+...+c x . −1 d+e+1 0 0 1 d+e d+e Consider the extended Euclidean scheme [28], §4.6.1, Exercise 3, s (x)f (x)+t (x)f (x) = f (x), i i −1 i 0 i

i−2 i−1 . T f (x) = f (x) mod f (x), i ≥ 1

hen for the smallest index i with deg(f ) ≤ d we have deg(t ) ≤ e and f /t is the (d,e)-

i i i i i i k m f Padé approximant to f . Furthermore, GCD(f , t ) = x for some k ≥ 0. Thus any algorith or computing the extended Euclidean scheme results in one for the (d,e)-Padé approximant. Note that the assumption c ≠ 0 is unessential by changing the lower bound for d. 0 2 - P The classical Euclidean algorithm gives a O((d+e) ) method for computing the (d,e) adé approximant. The ingenious algorithm by Knuth [27] that was improved by Sch"onhage ) [38] and applied to polynomial GCDs by Moenck [33] allows to compute the triple (f , s , t_{i i i} w_{i i−1} ith deg(f ) ≤ d, deg(f ) > d, in O(M(d+e)log(d+e)) operations in F . x We now are prepared to describe the algorithm. The key idea is that by substituting_ν +_{ν 1 ν 1} b x for x , 2 ≤ ν ≤ n, we can make the problem a univariate problem in x over the field e F (x ,..., x ), as was already done in the Polynomial GCD algorithm. We then recover th 2 n 2 , fraction from its Taylor series approximation by computing the Padé approximant in F (x ..., x )[[x ]]. Since that approximant is unique it must be the reduced numerator and d n 1 enominator.

February 9, 1987

I Algorithm Rational Numerator and Denominator

nput:

� A straight-line program P over F (x ,..., x ) of length l that computes f /g, f , g ∈ 1 1 n n F [x ,..., x ] relatively prime, and d ≥ deg(f ), e ≥ deg(g), and a failure allowance ε << 1. We shall make the assumption that d, e ≤ 2 since the latter is always a bound. l

1 � Either ‘‘failure’’ (that with probability < ε) or a straight-line program Q over F (x : , Output ..., x ) of length O(l M(d+e)) such that Q computes f and g correctly with probability > 1

S – ε. n

tep FT (Forward Translation): From a set R ⊂ F with � � 2 ε card(R) >

(2γ +2)l M(d+e) 3

3 s_{1 n 2 n} elect random elements a ,..., a , b ,..., b . Here the absolute constant γ depends on the . I polynomial multiplication algorithm used, and can be computed once an algorithm is selected f F is a finite field with too small a cardinality, we can work in an algebraic extension of F t w instead. Since the results can be computed by rational operations in F , they remain invarian ith respect to field extensions.

Test whether P is defined at ϕ(x ) = a , 1 ≤ ν ≤ n. For F = Q we call the algorithm Zero- D ν ν ivision Test in §3, such that the probability of ‘‘failure’’ occurring even if P is defined at ϕ

N is less than ε. If in this test P turns out to be (probably) undefined at ϕ we return ‘‘failure’’.

ow we translate the inputs of P as x ← y + a , x ← y + b y , 2 ≤ ν ≤ n. Let P� be

1 1 1 ν ν ν 1 e the straight-line program computing f�/g� wher h�(y ,...,y ) = h(y +a ,y +b y ,...,y +b y ) for h∈F [x ,...,x ].

1 n 1 1 2 2 1 n n 1 1 n 1 Now P� is defined at ϕ(y ) = 0. Also with high probability

deg (f�) = deg(f ), or ldcf (f�) ∈ F. (*) y y 1 1

2 1 , y Step S (Power Series Approximation): Compute a straight-line program Q over F (y ,...

) such that for the coefficients of the power series n 0 2 n 1 2 n 1 d+e 2 n 1

d+e )

� = c (y ,...,y )+c (y ,...,y )y +...+c (y ,...,y )y +..., (‡ �f � c g are computed by Q for all 0 ≤ i ≤ d+e. This can be done by directly applying the Tay- i 1 1 1 1 - s lor Series Coefficients algorithm in §7. Notice that len(Q ) ≤ γ l M(d+e), where γ is a con tant solely depending on the multiplication algorithm used. t Step P (Padé Approximation): Construct a straight-line program Q over F (y ,..., y ) tha

2 2 n 2 , y with high probability computes the (d,e)-Padé approximation p/q to (‡), p, q ∈ F (y ,...

)[y ]. From the preceding remarks we know that this can be accomplished by an extended E n 1 uclidean algorithm. Essentially, we perform such an algorithm on the coefficient vectors

( February 9, 1987

c ) and that of y . In order to test elements in F (y ,..., y ) for zero we evalu-

i 0≤i ≤d +e 1 d+e+1 2 n ν ν 2 o ate the program computing these elements at ψ(y ) = a , 2 ≤ ν ≤ n, similarly to theorem 4. r Step D in the Polynomial GCD algorithm. If we use the asymptotically faster Knuth- Sch"onhage procedure (see also [9] for a full description of the algorithm) then len(Q ) ≤ γ l M(d+e) + γ M(d+e)log(d+e) ≤ γ l M(d+e), (§) 2 2 1 2 3 3 where γ and γ are again constants solely depending on the polynomial multiplication pro- l p cedure used. Notice that the produced straight-line program may be incorrect (that with smal robability) since we may have incorrectly certified an element to be zero. e Once we have a straight-line program for polynomials f and t ∈ F (y ,..., y )[y ] in th

i i 2 n 1 2 i i 1 k , y extended Euclidean scheme we must find k ≥ 0 such that GCD(f , t ) = y over F (y ,...

)[y ]. This we can again accomplish probabilistically by evaluating the coefficients in y of

n 1 1

i i . I f and t

f we make ldcf (p) = 1, then with high probability p is an associate of f� in F [y ,..., y ].

y 1 n 1 This is because of (*) and because Padé approximants are unique. - t Step BT (Back-translate): The program Q is obtained by putting assignments for the back ranslations y ← x − a , y ← x − b (x − a ), 2≤ ν≤ n, 2 1 1 1 ν ν ν 1 1 � in front of Q .

We shall now analyze the overall failure probability of the Rational Numerator and o b Denominator algorithm. ‘‘Failure’’ is only returned if P is not defined or is not recognized t e defined at ϕ. However, several events must take place in order that the correct answer is returned. First, ldcf (f�) ∈ F that justifies the normalization of p in step P. By lemma 6.1

y_1 ≥ this happens with probability 1 − card(R)

� d� > 1 − 4 ε�. t Second, all zero-tests performed by evaluating at ψ(y ) = a , 2 ≤ ν ≤ n, must give the correc ν ν n 2 s t answer. This is true if the Knuth-Sch"onhage algorithm performed over F (y ,..., y ) take he same course as the algorithm performed over F on the elements obtained by evaluating at 0 ψ. In other words, no non-zero element that is tested or by which is divided must evaluate to . Since the algorithm takes no more than γ M(d+e)log(d+e) s 2 teps, the degree of any unreduced numerator and denominator of these elements is by (§) no more than 2 . γ l M(d+e) 3 A (pessimistic) estimate for the number of elements to be tested and by which is divided, including the determination of k, is

February 9, 1987

γ l M(d+e) + (d+e) < (γ +1)l M(d+e). T 3 3 herefore the probability that all tests lead to the same result at ψ and that all division are possible at ψ is no less than 1 − card(R)

(γ +1)l M(d+e) 2 � > 1 − 2 ε�. 3 γ l M(d+e) 3

. Hence a correct program Q is output with probability > 1 – 3/4ε

In case F = Q one more additional possibility of returning an incorrect result must be e accounted for, namely that the Zero Test algorithm in §3 might not recognize a non-zero valuation at ψ properly. However, the probability of such an event can be controlled, say we allow it to happen only with probability no more than

4 (γ +1)M(d+e)log(d+e) � ε �. T 3 hen all tests succeed with probability > 1 – ε/4 and a correct program is output with proba-

T bility > 1 – ε. In summary, we have the following theorem.

heorem 8.1: Algorithm Rational Numerator and Denominator does not fail and outputs a a program Q that computes f and g with probability > 1 – 2ε. It requires polynomially many rithmetic steps as a function of len(P ), d, and e. For F = Q this is also true for its binary - d complexity which also depends on el-size(P ). The algorithm needs polynomially many ran omly selected field elements (bits for F = Q). �

We now formulate three corollaries to the theorem. The first corollary deals with distin- r t guishing straight-line programs that compute polynomials from those that do not. It is clea hat if we have the bounds d and e we only need to probabilistically inspect the degree of g e b after we have a straight-line program for it. But what if we do not have a-priori degre ounds? What we do then is to run our algorithm for . d = e = 2 , k = 1, 2, 3,... k

k k Let f and g be the numerator and denominator whose computation is produced. For randomly chosen a ,..., a ∈ F we then probabilistically test whether 1 n

1 n k 1 n k 1 n . �) f (a ,..., a ) �(a ,..., a ) = g (a ,..., a f I g f the test is positive, with high probability f = f and g = g . We have the following corol-

C lary. k k

orollary 8.1: Let f /g be given by a straight-line program P over F (x ,..., x ). Then we 1 n t w can in random polynomial-time in len(P ) and deg(fg) determine deg(f ) and deg(g) such tha ith probability > 1 – ε no failure occurs and the answer is correct. In particular, we can decide whether f /g ∈ F [x ,..., x ].

February 9, 1987

1 n �

For simplicity we state the next corollaries over infinite fields, although this can be e n avoided as mentioned in step D. The next one resolves Strassen’s question on computing th umerator and denominator of a rational function without divisions. By

L (r ,...,r � s ,...,s ), r , s ∈ D,

D 1 m 1 n i j j i . C we denote the non-scalar or total complexity of computing r from s over D, see e.g [43].

orollary 8.2: Let F be a infinite field. Then

L (f , g � x ,...,x ) =

F [x ,...,x ] 1 n 1 n 1 n n

O^2_{F (x ,...,x ) 1}

(M(deg(fg)) L (f /g � x ,...,x )), e n where M(d) is the corresponding complexity of multiplying d-degree polynomials. In th on-scalar case M(d) = O(d). �

The third corollary concerns the parallelization of a straight-line computation for a

C rational function. From [46] we get.

orollary 8.3: Let P be a straight-line program of length l over F (x ,..., x ), F infinite, 1 n f p that computes f /g where deg(f ), deg(g) ≤ d. Then there exists a straight-line program Q o arallel depth O(log(d) log(d l)) and size (l d) that also computes f /g.

O(1) � a p There is an open problem related to this corollary. The question is whether there is arallel algorithm that takes P as input and evaluates it at given points. For division-free s d input programs such an algorithm has been constructed [31]. For formulas as inputs division o not cause additional difficulty [32]. However, the proof of the above corollary is tied to e m knowing the evaluation of the input program at a random point, and we do not know how th ethods in the just mentioned papers can be used to solve the problem. = d Finally we remark that if instead of degree bounds the exact degrees d = deg(f ), e eg(g) are input, the Numerator and Denominator algorithm can be made ‘‘Las Vegas,’’ that c is if it does not fail the returned program Q will be guaranteed to be correct. An obvious ondition to check would be whether deg (p) = d and deg (q) = e, where p/q is the y y 1 1 e e reduced Padé approximant to (‡). However, this check is not sufficient since during th xtended Euclidean algorithm a leading coefficient of a remainder might have been dropped e r due to incorrect zero testing, with the resulting incorrect quotient still satisfying the degre equirements. Instead we compute p and q by setting up a linear system with undetermined coefficients for (†), that is

(c +...+c y )(1+q y +...+q y ) − (p +...+p y ) ≡ 0 mod y . ν 0 d+e 1 d+e 1 1 e 1 e 0 d 1 d 1 d+e+1

0 If the a are selected such that c ≠ 0 in (‡), which can be verified by random evaluation, then the above system has a solution with

February 9, 1987 0 p (y ,..., y ), q (y ,..., y ) ≠

d 2 n e 2 n n b if and only if (*) is satisfied. In that case the arising linear system is non-singular, which ca e verified, and a straight-line program for its solution can be deterministically constructed. It then remains to verify the just mentioned non-zero conditions for p and q by random d e evaluation to make sure that (*) was satisfied.

February 9, 1987

9. Conclusion

We have formulated our arithmetic complexities for arbitrary fields and our binary com- p plexities for finite fields and the rational numbers. It is not difficult to extend the olynomial-time results to algebraic number fields. The main obstacle to binary polynomial- c time complexity is the need for zero and zero division testing. It should be clear that the orresponding algorithms generalize by working modulo a randomly chosen prime ideal. A r fi more straight-forward approach to evaluating straight-line programs over algebraic numbe elds can also be found in [11].

Straight-line results can be useful for further manipulation, but as the final result they are t t quite incomprehensible. Fortunately, there is always the possibility to probabilistically conver hem to sparse representation. Zippel’s algorithm [47] can be shown to accomplish this m conversion in expected polynomial-time in the input size, degree, and the number of non-zero onomials of the sparse answer [21], §6. In another formulation, given a bound t one can - n probabilistically determine in polynomial-time in t either the sparse representation of a poly omial given by a straight-line program with no more than t monomials, or we know with . S controllably high probability that that polynomial has more than t non-zero monomials [23] ince sparse inputs can always be represented as straight-line programs of polynomially . F related size, by the conversion algorithm all our results apply to sparse polynomials as well or example, we have a random polynomial-time algorithm for computing the sparse greatest common divisor of sparse polynomials.

This work is the pilot in a series that currently consists of four papers. Our second paper , a [23] shows how to compute in random polynomial-time the full factorization of a polynomial gain input and outputs in straight-line representation. As referred before, that paper also con- - l tains a discussion on the sparse conversion question. We also refer to [24] for a detailed out ine of the main results of the factoring paper. Our third and most recent article [25] - r discusses an approach to replacing the input degree bound d in the Polynomial GCD algo ithm, for instance, by a degree bound for the output polynomial. There also a completely t a different proof for corollary 8.2, based on the factorization results, is given. Although i ppears that our results are already of theoretical significance, we believe that the straight-line . T representation of multivariate polynomials is an important tool in computer algebra systems herefore we have implemented our algorithms in LISP with an interface to MACSYMA. f The details of this first implementation and our experience on test cases are reported in the ourth paper of this series [10].

Note added in proof Theorem 6.2 remains valid if we replace b f by f , which is a Σ 1 r i i 1i= - r slight improvement in the length of the generated straight-line program. In step P of Algo ithm Rational Numerator and Denominator the computation of GCD(f t )=y can be_{i, i 1}^k . F skipped, since it can be shown that under the given circumstances one always has k=0 inally, with B. Trager we have found a differernt solution to the Numerator and Denominator problem, such that the length of the produced program is O(ld+M(d)log(d)).

February 9, 1987 n f Acknowledgement: I thank my student collaborators Timothy Freeman, Brent Gregory, and Gregory Imirzia or their contributions to the entire project. This work was stimulated by the DMV seminar ‘‘The complexity of I t algebraic and numerical problems’’ given by Joachim von zur Gathen and Volker Strassen in September 1984. hank both for inviting me to that workshop. A conversation with Allan Borodin led to the construction of the t Rational Numerator and Denominator Algorithm. Wayne Eberly pointed out the Las Vegas result discussed in he last paragraph of §8. I also thank both for their observations.

1 References

. Aho, A., Hopcroft, J., and Ullman, J., The Design and Analysis of Algorithms, Addison and Wesley, Read-

2 ing, MA, 1974.

. Aho, A. V., Steiglitz, K., and Ullman, J. D., ‘‘Evaluating polynomials at fixed sets of points,’’ SIAMJ.

3 Comp., vol. 4, pp. 533-539, 1975.

. Baur, W. and Strassen, V., ‘‘The complexity of partial derivatives,’’ Theoretical Comp. Sci., vol. 22, pp.

4 317-330, 1983.

. Brent, R. P., Gustavson, F. G., and Yun, D. Y. Y., ‘‘Fast solution of Toeplitz systems of equations and

5 computation of Padé approximants,’’ J. Algorithms, vol. 1, pp. 259-295, 1980.

. Brown, W. S., ‘‘On Euclid’s algorithm and the computation of polynomial greatest common divisors,’’ J.

6 ACM,vol. 18, pp. 478-504, 1971.

. Bunch, J. R. and Hopcroft, J. E., ‘‘Triangular factorization and inversion by fast matrix multiplication,’’

7 Math. Comp., vol. 28, pp. 231-236, 1974.

. Char, B. W., Geddes, K. O., and Gonnet, G. H., ‘‘GCDHEU: Heuristic polynomial GCD algorithm based - 2 on integer GCD computation,’’ Proc. EUROSAM’84, Springer Lec. Notes Comp. Sci., vol. 174, pp. 285 96, 1984. To appear in J. Symbolic Comp.

8. Collins, G. E., ‘‘Subresultants and reduced polynomial remainder sequences,’’ J. ACM, vol. 14, pp. 128-

9 142, 1967.

. Czapor, S. R. and Geddes, K. O., ‘‘A comparison of algorithms for the symbolic computation of Padé

1 approximants,’’ Proc. EUROSAM’84, Springer Lec. Notes Comp. Sci., vol. 174, pp. 248-259, 1984.

0. Freeman, T. S., Imirzian, G., Kaltofen, E., and Yagati, Lakshman, ‘‘DAGWOOD: A system for manipulat- - i ing polynomials given by straight-line programs,’’ Tech. Report 86-15, Dept. Comput. Sci., RPI. Prelim nary version in Proc. 1986 ACMSymp.SymbolicAlgebraic Comp., pp. 169-175, 1986. - 11. Gathen, J. von zur, ‘‘Irreducibility of multivariate polynomials,’’ J. Comp. System Sci., vol. 31, pp. 225 264, 1985.

12. Gathen, J. von zur, ‘‘Parallel arithmetic computation: A survey,’’ Proc. MFCS ’86, Springer Lec. Notes

1 Comp. Sci., vol. 233, pp. 93-112, 1986.

3. Gathen, J. von zur and Kaltofen, E., ‘‘Factoring sparse multivariate polynomials,’’ J. Comp. System Sci.,

1 vol. 31, pp. 265-287, 1985.

4. Hardy, G. H. and Wright, E. M., An Introduction to the Theory of Numbers, Oxford Univ. Press, Oxford,

1 1979.

5. Heintz, J., ‘‘A note on polynomials with symmetric galois group which are easy to compute,’’ Theor.

Comp. Sci., vol. 47, pp. 99-105, 1986.

February 9, 1987

e 16. Heintz, J. and Schnorr, C. P., ‘‘Testing Polynomials which are easy to compute,’’ Monographie d L’Enseignement Mathématique, vol. 30, pp. 237-254, Imprimerie Kundig, Gen`eve, 1982. , 17. Hyafil, L., ‘‘On the parallel evaluation of multivariate polynomials,’’ SIAMJ. Comp., vol. 8, pp. 120-123 1979.

18. Ibarra, O. H. and Moran, S., ‘‘Probabilistic algorithms for deciding equivalence of straight-line programs,’’

1 J. ACM,vol. 30, pp. 217-228, 1983.

9. Ibarra, O. H., Moran, S., and Rosier, L. E., ‘‘Probabilistic algorithms and straight-line programs for some

2 rank decision problems,’’ Inf. Proc. Letters, vol. 12, pp. 227-232, 1981.

0. Jenks, R. D., ‘‘A primer: 11 keys to new SCRATCHPAD,’’ Proc. EUROSAM’84, Springer Lec. Notes

2 Comp. Sci., vol. 174, pp. 123-147, 1984.

1. Kaltofen, E., ‘‘Computing with polynomials given by straight-line programs I; Greatest common divisors,’’

2 Proc. 17th ACMSymp.Theory Comp., pp. 131-142, 1985.

2. Kaltofen, E., ‘‘Computing with polynomials given by straight-line programs II; Sparse factorization,’’

2 Proc. 26th IEEE Symp.Foundations Comp. Sci., pp. 451-458, 1985.

3. Kaltofen, E., ‘‘Factorization of polynomials given by straight-line programs,’’ Math. Sci. Research Inst. C Preprint, vol. 02018-86, Berkeley, CA, 1986. To appear in: ‘‘Randomness in Computation,’’ Advances in omputing Research, S. Micali ed., JAI Press Inc., Greenwich, CT, January 1987. y 24. Kaltofen, E., ‘‘Uniform closure properties of p-computable functions,’’ Proc. 18th ACM Symp. Theor Comp., pp. 330-337, 1986.

25. Kaltofen, E., ‘‘Single-factor Hensel lifting and its application to the straight-line complexity of certain

2 polynomials,’’ Proc. 19th Annual ACMSymp.Theory Comp., pp. 443-452, 1987.

6. Kaltofen, E. and Rolletschek, H., ‘‘Arithmetic in quadratic fields with unique factorization,’’ Proc. EURO-

2 CAL’85, Vol. 2, Springer Lec. Notes Comp. Sci., vol. 204, pp. 279-288, 1985.

7. Knuth, D. E., ‘‘The analysis of algorithms,’’ Actes du congr`es international des Mathématiciens, vol. 3,

2 pp. 269-274, Nice, France, 1970.

8. Knuth, D. E., The Art of Programming, vol. 2, Semi-Numerical Algorithms, ed. 2, Addison Wesley, Read-

2 ing, MA, 1981.

9. Krishnamurthy, E. V., Rao, T. M., and Subramanian, K., ‘‘Finite segment p-adic number systems with

3 applications to exact computation,’’ Proc. Indian Acad. Sci., vol. 81, sec. A, no. 2, pp. 58-79, 1975.

0. Kung, H. T., ‘‘On computing reciprocals of power series,’’ Numer. Math., vol. 22, pp. 341-348, 1974. d 31. Miller, G. L., Ramachandran, V., and Kaltofen, E., ‘‘Efficient parallel evaluation of straight-line code an arithmetic circuits,’’ Proc. AWOC’86, Springer Lec. Notes Comp. Sci., vol. 227, pp. 236-245, 1986. - 32. Miller, G. L. and Reif, J. H., ‘‘Parallel tree contraction an its application,’’ Proc. 26th IEEE Symp.Foun dations Comp. Sci., pp. 478-489, 1985.

33. Moenck, R. T., ‘‘Fast computation of GCDs,’’ Proc. 5th ACMSymp.Theory Comp., pp. 142-151, 1973. , 34. Moses, J. and Yun, D. Y. Y., ‘‘The EZ-GCD algorithm,’’ Proc. 1973 ACM National Conf., pp. 159-166 1973.

35. Plaisted, D. A., ‘‘Sparse complex polynomials and polynomial reducibility,’’ J. Comp. SystemSci., vol. 14, pp. 210-221, 1977.

February 9, 1987

. 36. Rosser, J. B. and Schoenfeld, L., ‘‘Approximate formulas of some functions of prime numbers,’’ Illinois J Math., vol. 6, pp. 64-94, 1962.

37. Schwartz, J. T., ‘‘Fast probabilistic algorithms for verification of polynomial identities,’’ J. ACM, vol. 27,

3 pp. 701-717, 1980.

8. Sch"onhage, A., ‘‘Schnelle Kettenbruchentwicklungen,’’ Acta Inf., vol. 1, pp. 139-144, 1971. (In German). , 39. Sch"onhage, A., ‘‘Schnelle Multiplikation von Polynomen "uber K"orpern der Charakteristik 2,’’ Acta Inf.

vol. 7, pp. 395-398, 1977. (In German). 40. Solovay, R. M. and Strassen, V., ‘‘A fast Monte-Carlo test for primality,’’ SIAMJ. Comp., vol. 6, pp. 84-

4 85, 1977. Correction: vol. 7, p. 118 (1978).

1. Stoutemyer, D. R., ‘‘Which polynomial representation is best?,’’ Proc. Third MACSYMAUsers’ Confer-

4 ence, pp. 221-243, General Electric, Schenectady, New York, 1984.

2. Strassen, V., ‘‘Berechnung und Programm I,’’ Acta Inf., vol. 1, pp. 320-335, 1972. (In German). n 43. Strassen, V., ‘‘Vermeidung von Divisionen,’’ J. reine u. angew. Math., vol. 264, pp. 182-202, 1973. (I German).

44. Valiant, L., ‘‘The complexity of computing the permanent,’’ Theoretical Comp. Sci., vol. 8, pp. 189-201,

4 1979.

5. Valiant, L., ‘‘Reducibility by algebraic projections,’’ L’Enseignement mathématique, vol. 28, pp. 253-268,

4 1982.

6. Valiant, L., Skyum, S., Berkowitz, S., and Rackoff, C., ‘‘Fast parallel computation of polynomials using

4 few processors,’’ SIAMJ. Comp., vol. 12, pp. 641-644, 1983.

7. Zippel, R. E., ‘‘Probabilistic algorithms for sparse polynomials,’’ Proc. EUROSAM ’79, Springer Lec.

Notes Comp. Sci., vol. 72, pp. 216-226, 1979.